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Abstract

Degradable quantum channels are among the only channels whose quantum
and private classical capacities are known. As such, determining the structure
of these channels is a pressing open question in quantum information theory.
We give a comprehensive review of what is currently known about the structure
of degradable quantum channels, including a number of new results as well as
alternate proofs of some known results. In the case of qubits, we provide
a complete characterization of all degradable channels with two dimensional
output, give a new proof that a qubit channel with two Kraus operators is
either degradable or anti-degradable and present a complete description of
anti-degradable unital qubit channels with a new proof.

For higher output dimensions we explore the relationship between the out-
put and environment dimensions (dB and dE respectively) of degradable chan-
nels. For several broad classes of channels we show that they can be modeled
with a environment that is “small” in the sense dE ≤ dB. Such channels in-
clude all those with qubit or qutrit output, those that map some pure state to
an output with full rank, and all those which can be represented using simul-
taneously diagonal Kraus operators, even in a non-orthogonal basis. Perhaps
surprisingly, we also present examples of degradable channels with “large” en-
vironments, in the sense that the minimal dimension dE > dB. Indeed, one
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can have dE > 1
4d

2
B. These examples can also be used to give a negative answer

to the question of whether additivity of the coherent information is helpful for
establishing additivity for the Holevo capacity of a pair of channels.

In the case of channels with diagonal Kraus operators, we describe the
subclass which are complements of entanglement breaking channels. We also
obtain a number of results for channels in the convex hull of conjugations
with generalized Pauli matrices. However, a number of open questions remain
about these channels and the more general case of random unitary channels.
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1 Introduction

In quantum information theory, a quantum channel is represented by a completely
positive, trace-preserving (CPT) map Φ on a suitable algebra of operators. Deve-
tak and Shor [11] introduced the concept of a degradable channel by combining the
classical notion of a degraded broadcast channel with that of the complement of
a channel. A degraded broadcast channel is a single-sender two-reciever broadcast
channel in which the one receiver can degrade his/her output to simulate the output
of the other. Such channels are among the few classical broadcast channels for which
the capacity region is known [7, 8]. Similarly, Devetak and Shor showed that degrad-
able channels have additive coherent information, so that their quantum capacity is
given by the coherent information for a single use of the channel. Furthermore, Yard,
Devetak, and Hayden have shown [41] that the coherent information of a degradable
channel is concave as a function of reference state, so that the required optimization
can be performed efficiently and the capacity problem for such channels has been
completely resolved.

Before going further, we make these notions explicit. In the finite dimensional
case any completely positive trace-preserving (CPT) map, Φ : MdA

7→ MdB
, can be

represented using an auxiliary space CdE
in the form

Φ(ρ) = TrE UρU
† (1)

where U is a partial isometry satisfying U †U = IdA
. The complementary channel

ΦC : MdA
7→ MdE

can then be defined [11, 17, 23] by taking the partial trace over
the output space dB so that

ΦC(ρ) = TrBUρU
†. (2)

Physically, the complementary channel captures the environment’s view of the chan-
nel, and as such it is not surprising that its consideration is useful for understanding
quantum channel capacities.

Devetak and Shor call a channel degradable if there is another CPT map Ψ such
that

Ψ ◦ Φ = ΦC . (3)
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It is natural to call a channel anti-degradable if its complement is degradable, i.e.,
there is a CPT map Ψ such that Ψ ◦ ΦC = Φ. Although the complement is only
defined up to a partial isometry, this does not affect the concept of degradability
because this map can be absorbed into the degrading channel Ψ.

The coherent information of a channel Φ with respect to a reference state ρ was
originally defined in terms of a purification. Here, we find it more useful to use an
equivalent expression involving the complementary channel,

Icoh(Φ, ρ) = S (Φ(ρ))− S
(
ΦC(ρ)

)
. (4)

The coherent information of Φ is the maximum of (4) over reference states,

Icoh(Φ) = max
ρ
Icoh(Φ, ρ). (5)

The quantum capacity of a channel is given by

QC(Φ) = lim
n→∞

1

n
Icoh(Φ⊗n), (6)

as anticipated by Lloyd [26] and others [2]. The proof was completed by Shor [33],
Devetak [10] and others [12]. When a channel satisfies the additivity condition,

Icoh(Φ⊗n) = nIcoh(Φ), (7)

the quantum capacity satisfies the simple “single-letter” formula QC(Φ) = Icoh(Φ).
It was shown in [11] that degradable channels satisfy (7). For completeness, we give
a proof of this in Appendix A.2.

Though proving (6) was a significant step towards understanding the quantum
channel capacity, it is not known how to cast the quantum capacity of a general
channel as a finite optimization problem [13, 35]. As a result, little is known about
the quantum capacity of even very basic channels, such as the depolarizing channel.
Degradable and anti-degradable channels [16, 39] are among the few for which the
quantum capacity is known explicitly. Degradable channels also play a central role
in finding bounds on the quantum capacity for more general channels. For example,
they were used to find good upper bounds on the capacity of the depolarizing channel
[36], especially in the low noise regime. Moreover, it was recently shown [34] that for
degradable channels, the coherent information is also equal to the private classical
capacity, i.e., the capacity for transmitting classical information protected against
an eavesdropper in the sense of [9].

It is well-known that an anti-degradable channel must have zero quantum capac-
ity; as noted in [16], this follows from the no-cloning theorem using an argument
that goes back to [3]. A simple analytic argument has also been given by Holevo
[19]. Using very different terminology, anti-degradable channels were considered
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implicitly in several earlier papers [4, 6, 29] in which conditions were given for a
Pauli channel to be anti-degradable. We provide an alternate formulation and proof
of these results. We also show that every entanglement-breaking channel is anti-
degradable. Curiously, although the set of degradable channels is not convex, the
set of anti-degradable channels is convex, as shown in Appendix A.3.

Although most channels are neither degradable nor anti-degradable, the impli-
cations for quantum capacity have generated some interest in identifying those situ-
ations in which the degradability condition (3) holds. Earlier work has shown that
any channel with simultaneously diagonalizable Kraus operators is degradable [11],
as is the amplitude damping channel [16]. It was shown in [39] that any qubit chan-
nel with exactly two Kraus operators is either degradable or antidegradable, with
specific condtions under which each (or both) of these hold. Conditions for the
degradability of bosonic Gaussian channels were studied in [5, 18, 40], but will not
be considered here.

Roughly speaking, degradable channels are those for which the complement is
noisier than the original channel, in the sense that the degrading map adds noise
to the original channel to generate the complement. Since one would expect noisier
channels to be associated with larger environments, it is natural to guess that one
must have dE ≤ dB. We show that this holds if any pure input has full rank output,
as well as in some specific cases. These include channels with output dimension of 2
or 3, as well as channels whose Kraus operators can be simultaneously diagonalized
using a pair of left and right invertible matrices, as discussed in Section 5, following
ideas introduced in [39]. Therefore, it may be somewhat surprising that we also
find a family of counter-examples which demonstrate that one can have degradable
channels with dE > dB and that this can happen even when dA = dB.1

The rest of the paper is organized as follows. In Section 2, we study the size
of the environment, beginning with some notation and elementary observations in
Section 2.1. Then in Section 2.2 we prove that under a condition on output rank
any degradable channel must satisfy dE ≤ dB. In Section 2.3 we present examples of
degradable channels not satisfying this condition for which dE > dB. In Section 3, we
give a complete classification of degradable channels with qubit outputs. For unital
channels mapping qubits to qubits, we give necessary and sufficient conditions for
anti-degradability equivalent to earlier work of Niu and Griffiths [29] and Cerf [6].
The details and an alternate proof of the results in [39] for qubit channels with
Choi rank 2 are presented in Appendix B. In Section 4 we show that degradable
channels with qutrit outputs must have dE ≤ dB, but that other results about qubit
maps need not extend to qutrits. In Section 5, we study degradability criteria based

1Some results along these lines have recently been established independently by Myhr and
Lutkenhaus in their study of symmetric extendable states [27]. Their techniques offer a promising
direction for further understanding the structure of degradable channels.
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on Kraus diagonal conditions, generalizing the results of [11] and extending some
of the ideas in [39]. We pay particular attention to channels whose complement is
entanglement breaking, and show any such channel is degradable. We also show
that any channel whose Kraus operators can be simultaneously diagonalized, even if
different non-orthogonal bases are used for the input and output spaces, has dE ≤ dB
and at least one pure input whose output has full rank. In Section 6, we consider
degradability conditions for a special type of random unitary channel in which the
unitaries are restricted to generalized Pauli matrices. We show that if such a channel
is degradable, then the unitaries commute and dE ≤ dB. In Section 7, we make a
few additional observations. One concerns degradability in a neighborhood of the
identity. We also observe that the channels introduced in Section 2.3 can be used to
show that additivity of coherent information for a pair of channels need not imply
additivity of the Holveo capacity for the same pair.

We have also included several appendices. Appendix A.1 describes Arvseon’s
commutant lifting theorem which can be used to define the complement of a channel
in more general and abstract settings. Appendix A.2 contains a proof that degrad-
ability implies additivity of coherent information, while Appendix A.3 shows that
the set of antidegradable channels is convex. Appendix B contains new proofs of
some results about qubit channels. Appendix B.1 introduces some notation and
summarizes basic facts about qubit channels. An alternate proof of the results in
[39] for qubit channels with Choi rank 2 is given in Appendix B.2. Notation and
some basic results needed for our formulation and proof of necessary and conditions
for a unital qubit channel to be anti-degradable is given in Appendix B.3. This
is followed by analysis of the special cases of 3 Kraus operators and depolarizing
channels in Appendices B.4 and B.5 respectively. The latter shows explicitly that
when dE > dA the degrading map need not be unique. Finally, the general case is
considered in Appendix B.6.

2 Size of environment

2.1 Preliminaries

We will use the term Choi rank of a channel to mean the rank of its Choi Jami-
olkoswski state representative (I ⊗ Φ)(|β〉〈β|), where |β〉 = 1√

dA

∑dA

i=1 |i〉|i〉. This is
the same as the minimal number of Kraus operators, or the size dE of the smallest
pure environment that can generate that noise. Thus one must have dE ≤ dAdB.
(Note that the Choi rank is not the same as the usual rank of Φ considered as linear
operator on Md.)

In principle, deciding whether or not a channel is degradable is straightforward.
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A necessary condition for degradability is that

ker Φ ⊆ ker ΦC . (8)

Thus, if there is a matrix A ∈ ker Φ which is not in ker ΦC , the channel can not
be degradable. Otherwise, when dB ≤ dA, it suffices to compute Ψ = ΦC ◦ Φ−1 on
[ker Φ]⊥ and test Ψ for complete positivity. In practice, this may not be so straight-
forward because composition is the matrix product when Φ and ΦC are represented
in some orthonormal bases for Md in the standard way (using the Hilbert-Schmidt
inner product TrA†B). However, testing for complete positivity requires reshuffling
the result into the form

∑
jk |ej〉〈ek| ⊗ Ψ(|ej〉〈ek|). Furthermore, when dB > dA, Φ

does not have a right inverse and the degrading map need not be unique. In Ap-
pendix B.5 we show that many unital qubit channels which are anti-degradable have
a family of degrading maps rather than a unique degrador.

For Φ : MdA
7→MdB

, the cases in which one of dA, dB or the Choi rank dE equal
1 are all easily treated as follows:

• When dA = 1, both Φ and ΦC have unique outputs which we denote ρB and ρE
respectively. Moreover, dB = dE and Φ is both degradable and anti-degradable
with degrading map Ψ : γ 7→ (Tr γ)ρB (or ρE) completely noisy.

• When dB = 1, the only possible CPT map is Φ = Tr which must have dA = dE
and Kraus operators |φ〉〈ek|. Then ΦC = I and Φ is anti-degradable.

• When dE = 1, any CPT map must have the form Φ(ρ) = UρU † with U †U =
IdA

, which implies that U is a partial isometry and dA ≤ dB. Then ΦC(ρ) = Tr ρ
and Φ is always degradable with degrading map Ψ = Tr .

Implicit in these examples, is the easily verified fact that IC = Tr . We also
observe that the situations in dE = 1 and dB = 1 are essentially the only ways in
which every pure input has a pure output.

Theorem 1 If Φ : MdA
7→MdB

maps every pure state to pure state, then either

(i) dA ≤ dB and Φ(ρ) = UρU † with partial isometry U satifying U †U = IdA
is

always degradable with Choi rank dE = 1, or

(ii) Φ(ρ) = (Tr ρ)|φ〉〈φ| for all ρ is the completely noisy channel which maps a
states to a single fixed pure state and is anti-degradable.

Proof: Let U : CdAdE
7→ CdBdE

with U †U = IdAdE
be the partial isometry associated

with the representation (1). If all outputs are pure, then U |αk⊗e〉 = |βk⊗γk〉 for any
orthonormal basis {αk} of MdA

. Since U must map orthogonal vectors to orthogonal
vectors, 〈βj, βk〉〈γj, γk〉 = δjk. Write j ∈ J⊥ when 〈γ1, γj〉 = 0. Then

j ∈ J⊥ ⇒ Φ : | 1√
2
(α1 + αj)〉〈 1√

2
(α1 + αj)| 7→ 1

2
|β1〉〈β1|+ 1

2
|βj〉〈βj| (9)
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which is pure if and only if |βj〉 = |β1〉. Thus, we have |βj〉 = |β1〉 ∀j ∈ J⊥. For
j /∈ J⊥, we must have 〈β1, βj〉 = 0 and

j /∈ J⊥ ⇒ Φ : | 1√
2
(α1 + αj)〉〈 1√

2
(α1 + αj)| (10)

7→ 1
2

(
|β1〉〈β1|+ 〈γ1, γj〉|β1〉〈βj|+ 〈γj, γ1〉|βj〉〈β1|+ |βj〉〈βj|

)
which gives a pure output if and only if |〈γ1, γj〉| = 1, or, in other words, |γj〉 =
eiθ|γ1〉.

Now, if J⊥ is empty, then Φ is of the form (i). Otherwise, we can assume that
2 ∈ J⊥ and repeat the argument in (10) to conclude that

j /∈ J⊥ → |〈γ2, γj〉| = 1

which gives a contradiction, since |γj〉 can not be proportional to two orthogonal
vectors. Hence, {j /∈ J⊥} is empty and and Φ has the form (ii). QED

2.2 Channels with Small Environment

In this section we show that if a degradable channel maps even one pure state to an
output with full rank, then the channel can always be modeled using an environment
no larger than the output space. We first prove a more general lemma from which this
result follows immediately. Although we restrict attention to finite dimensions we
write HA for CdA

and B(HA) for MdA
, etc. to emphasize that we consider mappings

involving different spaces, even when they happen to have the same dimension.

Lemma 2 Let Φ : B(HA) 7→ B(HB) be a degradable CPT map, and for a pure state
|ψj〉 define Bj = range Φ(|ψj〉〈ψj|) and Ej = range ΦC(|ψj〉〈ψj|). Then dimBj =
dimEj. Moreover, If the vectors |ψ1〉, |ψ2〉, . . . |ψm〉 have the property span ∪j Bj =
HB, then span ∪j Ej = HE.

Proof: We can write the spectral decomposition of each output as

Φ(|ψj〉〈ψj|) =

rj∑
k=1

µ2
jk|φ

j
k〉〈φ

j
k| (11)

with all µjk > 0 and |φjk〉 ∈ HB orthonormal for each fixed j, i.e., 〈φjk, φ
j
`〉 = δk` .

By standard purification arguments, it follows that if U : HA 7→ HBE is the partial
isometry in the representation (1) for Φ, one can also find, for fixed j, orthonormal
|ωjk〉 ∈ B(HE) such that

U |ψj〉 =

rj∑
k=1

µjk |φjk ⊗ ω
j
k〉. (12)
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Note that this implies rj = dimBj = dimEj. Now let Ψ : B(HB) 7→ MdE
be

the degrading map with environment HG whose representation (1) has the operator
V : HB 7→ HEG so that V : |φ〉 7→ |σ〉 ∈ HEG. Define γjk ≡ TrG V |φjk〉〈φ

j
k|V †. Then

the degradability hypothesis implies that for each j

rj∑
k=1

µ2
jk|ω

j
k〉〈ω

j
k| = ΦC(|ψj〉〈ψj|) = Ψ ◦ Φ(|ψj〉〈ψj|) =

rj∑
k=1

µ2
jkγ

j
k. (13)

Now, If span ∪j Ej 6= B(HE) then there is a vector |ω⊥〉 ∈ B(HE) orthogonal to
span{|ωj

k〉 : j = 1 . . .m, k = 1 . . . rj} defined in (12). But then it follows from (13)
that

0 =
m∑
j=1

rj∑
k=1

µ2
jk|〈ω⊥, ω

j
k〉|

2 =
m∑
j=1

rj∑
k=1

µ2
jkTr γjk|ω

⊥〉〈ω⊥|

=
m∑
j=1

rj∑
k=1

µ2
jk〈ω⊥γ

j
kω
⊥〉 (14)

But since µ2
jk > 0 for all j, k and each γjk is positive semi-definite, this implies that

〈ω⊥γjkω⊥〉 = 0 for all j, k. Therefore,

0 = TrETr |ω⊥〉〈ω⊥|γjk = TrEG(|ω⊥〉〈ω⊥| ⊗ IG)V |φjk〉〈φ
j
k|V

†

= Tr
[(
|ω⊥〉〈ω⊥| ⊗ IG

)
V |φjk〉〈φ

j
k|V

† (|ω⊥〉〈ω⊥| ⊗ IG)]
= ‖(|ω⊥〉〈ω⊥| ⊗ IG)V |φjk〉‖

2
(15)

so that (|ω⊥〉〈ω⊥|⊗IG)V |φjk〉 = 0 for all j, k. Since the hypothesis span∪jBj = B(HB)
implies that any |φ〉 ∈ B(HB) can be written as a superposition of |φjk〉, it follows
that 〈ω⊥|Ψ(|φ〉〈φ|)|ω⊥〉 = 0 for any |φ〉 ∈ B(HB). Hence B(HE) = span∪j Ej. QED

Theorem 3 Let Φ : B(HA) 7→ B(HB) be a CPT map with the property that it has at
least one pure state whose image ρ = Φ(|ψ〉〈ψ|) has full rank, i..e, rank Φ(ρ) = dB.
Then if Φ is degradable, dE = dB.

Proof: In this case, the hypothesis of Lemma 2 is satisfied with m = 1 so that
HE = range ΦC(|ψ〉〈ψ|). QED

For dB > 2, it is not hard to find examples of channels Φ : MdA
7→ MdB

for
which no pure input has an output of rank dB, so that Theorem 3 does not apply.
Simply consider a channel which is a convex combination of strictly fewer than dB
unitary conjugations, i.e., Φ(ρ) =

∑κ
k=1 UkρU

†
k with κ < dB. While it was shown by

Devetak and Shor that any such channel is degradable when κ = 2, the question of
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degradability is unresolved in general when κ > 2. However, partial results are given
in Section 6.

Another example of a channel which has no outputs with full rank is the Werner-
Holevo channel W(ρ) = 1

d−1
(I − ρT ), for which every pure input has output of rank

exactly d − 1. For d = 3, W = WC so that this channel is both degradable and
anti-degradable, as well as an extreme point of the set of CPT maps.

For output dimension dB = 2, 3 one always has dE ≤ dB as observed in part (i)
of Theorem 4 for dB = 2 and proved in Section 4 for dB = 3.

2.3 Degradable channels with large environment

We now give an example which shows that one can have dE > dB when dB = 2dA.
Let N : Md 7→ Md be a CPT map and define Φ : Md 7→ M2 ⊗Md ' M2d to be the
channel

Φ(ρ) = 1
2
|0〉〈0| ⊗ I(ρ) + 1

2
|1〉〈1| ⊗ N (ρ) = ρ⊕N (ρ) (16)

where I denotes the identity channel . Then

ΦC(ρ) = 1
2
|0〉〈0| ⊗ Tr ρ+ 1

2
|1〉〈1| ⊗ NC(ρ) = 1

2
Tr ρ⊕ 1

2
NC(ρ). (17)

A map Ψ : M2d 7→M2d can be defined by its action on product states and extended
by linearity. If

Ψ(τ ⊗ γ) = 〈0, τ 0〉NC(γ)⊕ 〈1, τ 1〉Tr γ, (18)

then it is easy to verify that Ψ ◦ Φ = ΦC so that Φ is degradable. When N has
dF Kraus operators Ak so that N (ρ) =

∑
k AkρA

†
k, then the Kraus operators for Φ

are |0〉 ⊗ I and |1〉 ⊗ Ak so that it can be represented with a dF + 1 dmiensional
environment. In particular, when N requires the maximum dF = d2 operators,
dB = 2d < d2 + 1 = dG; therefore, we have a degradable channel Φ : MdA

7→ MdB

whose environment G has larger dimension than its output space.

One can generalize the channel (16) as follows. For any x ≥ 1
2
, and any channel

N : Md →Md, we can construct a degradable channel

Φ(ρ) = x|0〉〈0| ⊗ I(ρ) + (1− x)|1〉〈1| ⊗ N . (19)

The complementary channel is then

ΦC(ρ) = x|0〉〈0| ⊗ Tr (ρ) + (1− x)|1〉〈1| ⊗ NC , (20)

to which Φ can be degraded using a channel Ψ whose action on product states is

Ψ(τ ⊗ γ) = 1−x
x
〈0, τ 0〉NC(γ)⊕

[
2x−1
x
〈0, τ 0〉Tr γ,+〈1, τ 1〉Tr γ

]
. (21)
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In this case, it may be clearer to note that this implies

Ψ(γ0 ⊕ γ1) = 1−x
x
NC(γ0)⊕

[
2x−1
x

Tr γ0,+Tr γ1

]
. (22)

and with a slight abuse of notation corresponds to a channel with Kraus operators

|0〉〈1|〈j|,
√

1−x
x
|1〉〈0| ⊗ Ci,

√
2x−1
x
|0〉〈0|〈j|,

where Ci are the Kraus operators of NC and j = 0 . . . d− 1.

It is natural to ask if one must have dE ≤ dB when dA = dB? The answer is no,
as shown be the following example. Let dA = 6 and dB = dE = 3. Let V : C6 7→ C9

be a partial isometry whose range is the symmetric subspace of C3 ⊗C3 and define
a channel Φ2 : M6 7→M3 by

Φ2(ρ) = TrEV ρV
†. (23)

Since V maps onto the symmetric subspace of HB⊗HE, ΦC
2 (ρ) = Tr BV ρV† = Φ2(ρ),

so that this channel is both degradable and anti-degradable. Now let Φ1 denote
the channel defined in (16) and let Φ = Φ1 ⊗ Φ2. Then Φ is degradable and has
dA = dB = 6d but dE = 3(d2 + 1) > 6d = dB.

An alternative generalization of (16) is obtained by constructing degradable chan-
nels from pairs of channels M,N for which there exist channels X ,Y such that

X ◦ N =MC , Y ◦M = NC , (24)

by letting

Φ(ρ) = 1
2
|0〉〈0| ⊗M(ρ) + 1

2
|1〉〈1| ⊗ N (ρ) =M(ρ)⊕N (ρ). (25)

When the environments of M and N have dimensions dE and dF respectively, the
environment of Φ has dimension dG = dE + dF . In the example above, M = I is
universally degradable since one can choose Y = NC and its complement IC = Tr is
a universal degrador because TrN (ρ) = Tr ρ. It is an open question whether or not
other such pairs, which we call “co-degradable” exist. It is plausible that when one
map M has Choi rank d2, the other map N must have Choi rank one. Thus, one
might seek additional examples in which bothM,N have Choi rank < d2. It would
be interesting to know the optimal dimensions for pairs of co-degradable channels.

3 Channels with qubit outputs

We now consider channels with qubit outputs. Wolf and Perez-Garcia [39] showed
that every CPT map Φ : M2 7→ M2 with Choi rank ≤ 2 is either degradable or
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anti-degradable. We present an alternate proof of their result which exploits the
representation of qubit channels introduced in [24] and used in [31]. We also show
below that no channel with qubit output and Choi rank larger than 2 can be degrad-
able. Therefore, the degradable qubit channels given in [39] in fact exhaust all the
possibile degradable qubit channels. The question remains whether there are degrad-
able channels with qubit outputs, but higher dimensional inputs. We show that this
can happen only for input dimension 3 and, furthermore, up to unitary conjugations
of the input and output, such a channel is unique.

Theorem 4 Let Φ : MdA
7→M2 be a CPT map with qubit output. If Φ is degradable,

(i) its Choi rank dE is at most two, and

(ii) its input dimension dA ≤ 3.

Moreover, when dA = 3, up to unitary conjugations on the input and output,

Φ(ρ) = A0ρA
†
0 + A1ρA

†
1 (26)

with

A0 =

(
1 0 0
0 2−1/2 0

)
A1 =

(
0 2−1/2 0
0 0 1

)
, (27)

and this channel is both degradable and anti-degradable.

Proof: Part (i) follows from Theorem 3 together with Theorem 1. In particular,
by Theorem 3 if we are to have dE > 2, every pure state must be mapped to a
rank 1 output. However, in this case the degradability requirement together with
Theorem 1 gives dE = 1.

To prove(ii), observe that part (i) implies that we can write

Φ(ρ) = AρA† +BρB†, (28)

with A†A+B†B = IdA
. Without loss of generality, we may choose

A =

(√
a1 0 0 . . . 0
0
√
a2 0 . . . 0

)
(29)

so that

B†B = IdA
− A†A =


1− a1 0 0 . . . 0

0 1− a2 0 . . . 0
0 0 1 . . . 0
...

...
. . . 0

0 0 . . . 0 1

 (30)

12



But since B is a 2 × dA matrix, B†B can have rank at most two. Thus we have a
contradiction unless dA ≤ 4. When dA = 4, we must also have a1 = a2 = 1. To see
that Φ can not be degradable for dA = 4, use the isomorphism C4 ' C2 ⊗C2 and
rewrite all matrices in block form so that A =

(
I 0

)
, B =

(
0 I

)
and ρ has blocks

Pjk. Then

Φ(ρ) =

(
P11 0
0 P22

)
but ΦC(ρ) =

(
TrP11 TrP12

TrP21 TrP22

)
= Tr2 ρ.

This will give a contradiction to (8) for a matrix of the form

(
0 X
X† 0

)
with TrX 6=

0. Thus, there are no degradable channels with dA = 2 and dB = 4.

When, dA = 3, either a1 or a2 must equal 1, in order to ensure that the rank of
B†B is no greater than 2. Without loss of generality, we can assume that a1 = 1
and denote a2 = a. Then it follows that

A =

(
1 0 0
0
√
a 0

)
and B = U

(
0
√

1− a 0
0 0 1

)
(31)

for some unitary U . Now, consider the action of ΦC on |0〉〈0| and |2〉〈2|:

ΦC(|0〉〈0|) =

(
TrA|0〉〈0|A† TrA|0〉〈0|B†
TrB|0〉〈0|A† TrB|0〉〈0|B†

)
=

(
1 0
0 0

)
= |0〉〈0|. (32)

ΦC(|2〉〈2|) =

(
TrA|2〉〈2|A† TrA|2〉〈2|B†
TrB|2〉〈2|A† TrB|2〉〈2|B†

)
=

(
0 0
0 1

)
= |1〉〈1|, (33)

and compare it to the action of Φ

Φ(|0〉〈0|) = |0〉〈0| (34)

Φ(|2〉〈2|) = U |1〉〈1|U †. (35)

Since ΦC(|0〉〈0|) and ΦC(|2〉〈2|) are orthogonal, if we hope to degrade Φ to ΦC ,
Φ(|0〉〈0|) and Φ(|2〉〈2|) must also be orthogonal, which is only the case if U = I.

To complete the proof we need to show that when Φ is degradable a = 1
2
. Observe

that when U = I in (31) Φ satisfies

Φ ((1− a)|0〉〈0| − |1〉〈1|+ a|2〉〈2|)
= (1− a)Φ(|0〉〈0|)− Φ(|1〉〈1|) + aΦ(|2〉〈2|) (36)

= (1− a)|0〉〈0| − a|1〉〈1| − (1− a)|0〉〈0|+ a|1〉〈1| = 0,
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but

〈0|ΦC ((1− a)|0〉〈0| − |1〉〈1|+ a|2〉〈2|) |0〉 = (1− a)− a = (1− 2a). (37)

Thus, (8) holds only if a = 1
2
. Finally, observe that when a = 1

2
it is easy to check that

Φ = ΦC so that the channel is both degradable and anti-degradable with degrading
map Ψ = I. QED

The following theorem is due to Wolf and Perez-Garcia [39]; we present an alter-
nate proof in Appendix B.2. In view of part (i) of Theorem 4, their degradability
conditions are necessary as well as sufficient.

Theorem 5 (Wolf and Perez-Garcia) Up to unitary conjugations on the input and
output, the Choi rank two degradable qubit channels are exactly those of the form

Φ(ρ) = A+ρA
†
+ + A−ρA

†
−, (38)

where

A+ = cos 1
2
v cos 1

2
u I + sin 1

2
v sin 1

2
uσz =

(
cos(1

2
[v − u]) 0
0 cos(1

2
[u+ v])

)
(39)

A− = sin 1
2
v cos 1

2
uσx − i cos 1

2
v sin 1

2
uσy =

(
0 sin(1

2
[v − u])

sin(1
2
[u+ v]) 0

)
,

with | sin v| ≤ | cosu|. Moreover, when | sin v| ≥ | cosu|, a channel of the above form
is anti-degradable.

Corollary 6 The degradable qubit channels Φ : M2 → M2 are, up to unitary con-
jugations on the input and output, exactly those of the form given in Eq. (38) and
Eq.(39) with | sin v| ≤ | cosu|.

Proof: From Theorem 3 we know that any such Φ can have at most two Kraus
operators, which with the above theorem implies the result. QED

Although degradable qubit maps can not have Choi rank greater than 2, anti-
degradable ones can. Moreover, the set of anti-degradable qubit channels is much
larger than the expected set of entanglement breaking ones. The set of anti-degradable
unital qubit maps was essentially characterized by Cerf [6] and Niu and Griffiths [29]
using a rather different language, and without distinguishing the subset of entangle-
ment breaking channels. We give an alternate formulations and proof of their result
in Appendix B.6.
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Theorem 7 (Cerf, Niu and Griffiths) A unital qubit channel with Kraus operators
akσk with σ0 = I, a0 ≥ ak ≥ 0 and

∑
k a

2
k = 1 is anti-degradable if and only if

a2
i + a2

j + a2
k + aiaj + aiak + ajak ≥ 1

2
(40)

with i, j, k distinct in {1, 2, 3}.

It was shown in [24, Appendix A] that the Kraus operators for any unital qubit
channel can be chosen to have the form akUσkV

† with U, V unitary and
∑

k a
2
k = 1,

Thus, Theorem 7 gives the general result up to unitary conjugations. Although
[6] considered only the combination (i, j, k) = (1, 2, 3) with the implicit assumption
that a2

0, the weight given to the identity, was larger than the weight for any other
a2
k, conjugating with some σn gives an obvious extension to arbitrary unital qubit

channels.

The general result is more easily stated in a representation introduced in [24] in
which the action of a unital qubit channel

Φ : 1
2
[I +

∑
j

wkσk] 7−→ 1
2
[I +

∑
k

λkwkσk)] (41)

is given by three multipliers λk. (See Appendix B.1). In this framework, Theorem 7
can be restated as follows.

Theorem 8 A unital qubit channel is anti-degradable if and only if it can be repre-
sented using multipliers λk satisfying the CP condition (1 ± λk)2 ≥ (λi ± λj)2 and
the condition

3∑
k=1

(
1− |λk|+

√
(1− |λk|)2 − (|λi| − |λj|)2

)
≥ 2 (42)

We can summarize the degradability classification of channels with qubit out-
puts as follows with the understanding that the conditions are given up to unitary
transformation on the input and output.

• A channel with dB = 2 is both degradable and anti-degradable if the input
dimension dA = 1 or dA = 3. When dA = 2, it must also have two Kraus
operators and satisfy sinu = cos v or, equivalently, u = v + π

2
in the notation

of (85).

• A channel with dB = 2 is degradable (but not anti-degradable) if dE = 1 or if
dE = 2 and sinu < cos v in the notation of (85).

• A channel with dB = 2 is anti-degradable (but not degradable) if dE = 2 and
sinu > cos v in the notation of (85).
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• A unital channel with dA = dB = 2 is anti-degradable if it satisfies (40).
The subclass which are also EB satisfy

∑
k |λk| ≤ 1; however the set of anti-

degradable unital qubit channels contains many which are not EB, as described
in Appendices B.4 to B.6

In the case of unital qubit channels, these classes also have simple descriptions
in the multiplier picture.

4 Channels with output dimension dB = 3

In this section we prove an analogue of part (i) of Theroem 4 for channels with
qutrit output. To do this, we will use Lemma 2 to draw conclusions about vectors
in the union of the ranges of two pure inputs. We will also need the following
complementary lemma to draw conclusion about vectors in the intersection of the
ranges of two pure inputs.

Lemma 9 Let Φ : B(HA) 7→ B(HB) be a degradable CPT map, with degrading map
Ψ : B(HB) 7→ B(HE). For a pure state |ψ〉 ∈ HA define Bψ = range Φ(|ψ〉〈ψ|) and
Eψ = range ΦC(|ψ〉〈ψ|). Then |φ〉 ∈ Bψ implies range Ψ(|φ〉〈φ|) ⊂ Eψ.

Proof: As in the proof of Lemma 2, (11) and (12) hold (with the subscript j
omitted, as it is now redundant). Let V : HB 7→ HFG be the partial isometry which
implements the representation (1) for Ψ so that Ψ(ρ) = TrG V ρV

†. For |φk〉 the
eigenvectors of Φ(|ψ〉〈ψ|) let |σk〉 = V |φk〉. Then the degradability condition implies

r∑
k=1

µ2
k|ωk〉〈ωk| = Ψ ◦ Φ(|ψ〉〈ψ|) =

r∑
k=1

µ2
kTrG |σk〉〈σk|. (43)

Now suppose |ω⊥〉 is orthogonal to Eψ. Then

0 = 〈ω⊥,
r∑

k=1

µ2
k|ωk〉〈ωk|ω⊥〉 =

∑
k

µ2
k〈ω⊥,TrG (|σk〉〈σk|)ω⊥〉

=
∑
k

µ2
k TrFG(|ω⊥〉〈ω⊥| ⊗ IG) |σk〉〈σk|

=
∑
k

∑
n

µ2
k|〈ω⊥ ⊗ gn, σk〉|2 (44)

where we used IG =
∑

n |gn〉〈gn|. Since µ2
k > 0, this implies that

0 = 〈ω⊥ ⊗ gn, σk〉 = 〈ω⊥ ⊗ gn, V φk〉 (45)
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for all k, n. Now let |φ〉 =
∑

k αk|φk〉 be an arbitrary vector in Bψ. Then

〈ω⊥ ⊗ gn, V |φ〉 =
∑
k

αk〈ω⊥ ⊗ gn, V |φk〉 = 0 ∀ n (46)

so that

0 = Tr〈ω⊥|TrGV |φ〉〈φ|V †|ω⊥〉 = Tr 〈ω⊥Ψ(|φ〉〈φ|)ω⊥〉. (47)

Since ω⊥ was an arbitrary vector in E⊥ψ , this proves that Ψ(|φ〉〈φ|) ⊆ Eψ. QED

Theorem 10 Let Φ : Md 7→M3 be a CPT map with qutrit output. If Φ is degradable,
then its Choi rank is at most three.

Proof: Let rmax = max{rankΦ(|ψ〉〈ψ|) : |ψ〉 ∈ CdA
} denote the maximum output

rank of the channel over all pure-state inputs in HA. If rmax = 3 the result holds by
Theorem 3; and if rmax = 1 the result follows from Theorem 1 as for qubits. Thus,
we can assume rmax = 2. Fix a |ψ1〉 such that r1 = rank Φ(|ψ1〉〈ψ1|) = 2. As in
Lemma 9, let Bψ = range Φ(|ψ〉〈ψ|) and Eψ = range ΦC(|ψ〉〈ψ|). If Bψ ⊆ B1 for all
|ψ〉 ∈ HA, then we have a qubit output embedded in a qutrit space and the result
follows from Theorem 4. Otherwise there is a second vector |ψ2〉 for which B2 * B1.
If r2 = 1, one can find a superposition |ψ〉 = a|ψ1〉+ b|ψ2〉 whose output has rank 2
and for which Bψ * B1.2

Thus we have reduced the problem to the case in which dimB2 = dimB1 = 2,
and B1 6= B2. The assumption that dB = 3 then implies that spanB1 ∪ B2 = HB.
Moreover, dimHB = 3 implies that B1 ∪ B2 6= ∅. It follows from Lemma 2 that
dimE1 = dimE2 = 2 and span E1 ∪ E2 = HE. Now let |φ〉 ∈ B1 ∩B2. By Lemma 9
Ψ(|φ〉〈φ|) ∈ E1 and Ψ(|φ〉〈φ|) ∈ E2. Therefore, E1 ∩ E2 is non-empty, and

dimHE = dimE1 + dimE2 − dimE1 ∩ E2 ≤ 2 + 2− 1 = 3. QED (48)

Unlike the case of qubits, not every map Φ : M3 7→M3 with Choi rank 3 is either
degradable or anti-degradable. A specific class of examples is given in Corollary 16.

2To see this write |ψ1〉 = µ1|φ1 ⊗ f1〉 + µ2|φ2 ⊗ f2〉 with φj and fj respectively orthogonal for
j = 1, 2. If |ψ2〉 = |φ3 ⊗ f3〉, then a|ψ1〉 + b|ψ2〉 must have rank ≤ 2, because rank 3 is excluded
by assumption. Roughly, the only superposition which could yield a state of rank 1 must have the
form a|ψ1〉 − b|φj ⊗ fj〉; however, the assumption B2 * B1 precludes |φ3〉 = |φj〉 for j = 1, 2. For a
precise argument, write |ψ2〉 = t1|φ1⊗ f3〉+ t2|φ2⊗ f3〉+ t3|φ̂3⊗ f3〉 with 〈φ̂3, φj〉 = 0 j = 1, 2. Let

|ψ〉 ≡ a|ψ1〉+ b|ψ2〉 = |φ1 ⊗ g1〉+ |φ2 ⊗ g2〉+ |φ̂3 ⊗ g3〉

with unnormalized vectors gj = aµjfj + btjf3 for j = 1, 2 and g3 = bt3f3. Then the density matrix
TrE |ψ〉〈ψ| can be represented by the 3 × 3 matrix with elements 〈gj , gk〉. If this has rank 1, then
the subdeterminants 〈gj , gj〉〈gk, gk〉 − |〈gj , gk〉|2 = 0. But this implies g3 = cgj for j = 1, 2 which
implies f3 = c′f1 and f3 = c′′f2 which is impossible since 〈f1, f2〉 = 0.
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For Φ : M4 7→ M4 one can obtain a simpler example. Let Φ1 be a qubit channel
which is degradable (but not anti-degradable) and Φ2 be a qubit channel which is
anti-degradable (but not degradable). Then Φ = Φ1 ⊕ Φ2 has 4 Kraus operators,
but is neither degradable nor anti-degradable.

5 Kraus diagonal conditions

Devetak and Shor [11], showed that any channel with simultaneously diagonalizable
Kraus operators is degradable. These are often called “diagonal channels” following
terminology introduced in [25] and followed in [21]. However, we prefer the term
“Hadamard” used in [23] or “Kraus diagonal” to avoid confusion with channels
represented by a diagonal matrix when thought of as a linear operator on the vector
space of density operators. King [21] showed that a CP map has diagonal Kraus
operators if and only if it can be represented in the form ρ 7→ H ∗ ρ with H positive
semi-definite where ∗ denotes Hadamard (or pointwise) multiplication. It is easy to
invert H ∗ ρ since J ∗H ∗ ρ = ρ when J has elements 1/hjk.

A channel is equivalent to one with diagonal Kraus operators if there are unitary
U, V such that Am = U †DmV where Dk is diagonal with elements ajm on the diago-
nal. Thus, in essence, the operators Am have a simultaneous SVD in which one has
dropped the usual requirement of positive elements on the diagonal. The matrix H
then has elements hjk =

∑
m ajmakm. Thus

Φ(ρ) = ΓU†
(
H ∗ ΓV (ρ)

)
(49)

where ΓV (ρ) = V ρV †.

In [39], Wolf and Perez-Garcia introduced the notion of “twisted diagonal” for
Φ : MdA

7→ MdB
with Kraus operators Am. They considered only dA = dB and

required that there exist invertible Y,X such that Y AmX is diagonal. It is not hard
to see that this can be extended to channels with dA ≤ dB for which Y and X have
left and right inverses satisfying Y −1

L Y = IA and XX−1
R = IA respectively. The

main idea is that Φ can then be written as a composition using single conjugations
and Hadamard multiplication, i.e, Φ(ρ) = ΓY

(
H ∗ ΓX(ρ)

)
where ΓY (A) = Y AY †.

Since these maps are easy to invert, Wolf and Perez-Garcia could then give a simple
test for degradability of twisted diagonal channels. They also showed that a channel
Φ : Md 7→ Md with Choi rank two is twisted diagonal if one of the Kraus operators
has rank dA. The extreme amplitude-damping channel with Kraus operators |0〉〈1|
and |0〉〈0| is not twisted diagonal because a matrix of the form A =

(
0 a
0 0

)
can not

be further reduced.

A large class of degradable channels that are twisted diagonal can be constructed
by considering the complements of entanglement breaking (EB) maps. It is conve-
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nient to begin with the map ΦC : MdA
7→ MdE

and recall that [20] a CP map ΦC is
EB if and only if its Kraus operators can be chosen to have rank one, so that

ΦC(ρ) =
∑
k

AkρA
†
k =

∑
k

|xk〉〈xk|〈wk, ρ wk〉 (50)

with Ak = |xk〉〈wk|. It was shown in [17, 23] that the complement Φ : MdA
7→ MdB

has the form

Φ(ρ) =
∑
m

FmρF
†
m =

∑
jk

|ej〉〈ek|xjk〈wj, ρ wk〉 (51)

with xjk = 〈xj, xk〉. Moreover, the Kraus operators of Φ have the pseudo-diagonal
form Fm =

∑
k ckm|ek〉〈wk|, where C = (ckm) satisfies (CC†)jk = 〈xj, xk〉. We call

this pseudo-diagonal because the vectors |wk〉 need not be orthonormal, although
the |ek〉 are orthogonal. Note that if W is the matrix with elements 〈wj, ρ wk〉, then
Φ(ρ) is represented by the Hadamard product X ∗W . It was also shown in [17, 23]
that a channel has the form (51) if and only if it is the complement of an EB map.
A pseudo-diagonal channel is a special case of a twisted diagonal channel with Y
unitary. It follows from Theorem 6 in [20] that dE ≤ dB. (In our notation dB is the
dimension of the environment of the EB channel ΦC . Actually, this result is stated
only for dA = dE but easily generalizes to dB ≥ max{dA, dE}.)

Theorem 11 Every pseudo-diagonal channel is degradable. Equivalently, every en-
tanglement breaking channel is anti-degradable.

Proof: Let Ψ be the CP map with Kraus operators Gk = 1
‖xk‖
|xk〉〈ek|. Then it

follows immediately from (51) that

Ψ ◦ Φ(ρ) =
∑
`

∑
jk

δj`δk` |x`〉〈x`|
〈xj, xk〉
〈xk, xk〉

〈wj, ρ wk〉 (52)

=
∑
`

|x`〉〈x`| 〈w`, ρ wv〉 = ΦC(ρ). QED (53)

Theorem 12 If Φ : MdA
7→ MdB

is twisted diagonal with dA = dB, then dB ≥ dE
and there is a pure state such that the rank of the output Φ(|ψ〉〈ψ|) is dB.

Proof: The dE Kraus operators Am in a minimal set are linearly independent be-
cause they are eigenvectors of the CJ matrix. For dA = dB left and right inverses
exist if and only if X, Y are invertible. Thus Am = Y DmX with X, Y invertible and
Dk diagonal with ajm on the diagonal. The vectors am are also linearly independent,
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which implies that dE ≤ dB. Let am denote the vectors with elements ajm and
H =

∑
m ama†m, and note that it has rank dE. Then

Φ(|ψ〉〈ψ|) = Y
[
H ∗ (X|ψ〉〈ψ|X†)

]
Y †. (54)

Since X is invertible, one can find |ψ1〉 such that X|ψ1〉 is proportional to (1, . . . , 1)T .
Then H ∗ (X|ψ〉〈ψ|X†) = cH for some constant c. Since Y is invertible, it does not
affect the rank, so Φ(|ψ〉〈ψ|) has rank dE. QED

It is curious that we could not show directly that there is an input whose output
has full rank, and apply Theorem 3. Instead, we first showed that dE ≤ dB and
used this to conclude that a pure state with full rank output exists. In the case of
pseudo-diagonal channels, we have also been unable to show that there is a pure
input whose output has full rank. It would be enough to show that one can find a
ψ such that 〈wk, ψ〉 6= 0 for all k.

6 Random unitary and Pauli diagonal channels

We now explore the conditions for the degradability of random unitary channels. A
random unitary channel Φ : Md 7→ Md is a convex combination of unitary conjuga-
tions, i.e.,

Φ(ρ) =
κ∑
k=1

akUkρU
†
k (55)

with each ak ≥ 0 and
∑

k ak = 1. When there are precisely κ distinct unitaries,
a pure input can have output of rank at most κ. If there are d or more unitaries,
one would expect that one can always find at least one pure input whose output
has rank d. If so, one can apply Theorem 3. However, we have not found a proof
of this, and one can easily construct examples for which some inputs have lower
rank. Nevertheless, one can show directly that for an important subclass of random
unitary channels, degradability implies dE ≤ dB = dA.

Let X and Z denote the matrices whose action on the standard basis is X|ek〉 =
|ek+1〉 and Z|ek〉 = ei2πk/d|ek〉. The unitary matrices XjZk are called generalized
Pauli matrices and give a projective representation of the Weyl-Heisenberg group.
Let Vm denote some ordering of XjZk with V0 = I. Then TrV †mVm = dδmn and one
can write any density matrix in Md as

ρ = 1
d

[
I +

d2−1∑
k=1

vkVk
]

(56)
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with vm = TrV †mρ. One can show that that |vm| ≤ 1 and
∑

m |vm|2 = d − 1.
Moreover, when ρ is pure |vm| = 1 for exactly d− 1 of the vm and the rest are zero.
For details see [14, 23, 28].

We now restrict attention to channels Φ of the form (55) where each unitary is
one of the generalized Pauli matrices. Any such channel is equivalent via unitary
conjugation to a channel with a0 6= 0, and we will assume that this holds. In general,
if the Vm corresponding to the remaining non-zero am do not commute, we do not
expect the channel to be degradable. Theorem 13, together with Corollary 14 makes
this intuition precise. The channel Φ is represented by the matrix with elements
TrV †nΦ(Vm) = φmδmn where φm =

∑
n ξmnan and ξmn = 1

d
TrVmVnV

†
mV

†
n is a dth

root of unity arising from the Weyl-Heisenberg commutation relations. Therefore,
|φm| ≤ 1 with equality if and only if ξmn = +1 whenever an 6= 0. Since Φ is
represented by a diagonal matrix, we call such channels Pauli diagonal. The effect
of Φ on a density matrix represented in the form (56) is simply to map vm 7→ φmvm.

Theorem 13 Let Φ be a channel of the form (55) with each Uk one of the generalized
Pauli matrices. If a0 6= 0 and for some m > 0, am 6= 0 and 0 < |φm| < 1, then Φ is
not degradable.

Proof: For simplicity, we first consider the case when Vm has order d, i.e., V d
m = I

but V κ
m 6= I for any positive integer κ < d. Then ρ = 1

d

d−1∑
k=0

V k
m projects onto an

eigenstate of Vm and is, hence, positive semi-definite. We will show that Φ is not
degradable by showing that ΦC◦Φ−1(ρ) is not positive semi-definite. (If some φn = 0,
then Φ is not degradable unless ΦC(Vn) = 0 also. When this happens, it suffices to
invert Φ on ker(Φ)⊥.)

Using an obvious abuse of notation, we find

Φ−1(ρ) = 1
d

d−1∑
k=0

φ−1
V k

m
V k
m.

Now, it suffices to consider the following 2× 2 submatrix of (ΦC ◦ Φ−1)(ρ),(
a0

√
a0amTr Φ−1(ρ)V †m√

a0amTrVmΦ−1(ρ) amTrVmΦ−1(ρ)V †m

)
=

(
a0

√
a0amφ

−1
m√

a0amφ
−1

m am

)
, (57)

the determinant of which is a0am(1− |φm|−2) < 0.

If d is not prime, e.g., d = d1d2 and V d2
m = I, then Vm = V d1

m∗ for some m∗. In

that case, we can apply the same argument to ρ = 1
d

d∑
k=0

V k
m∗. QED
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Corollary 14 Let Φ be a Pauli-diagonal channel with al 6= 0 and ak 6= 0 and VlVk 6=
VkVl. Then Φ is not degradable.

Proof: Assume, without loss of generality, that V0 = I and a0 6= 0. First note that
if there is some am 6= 0 such that φm = 0, the channel cannot be degradable, since

Φ(Vm) = 0, (58)

but
〈0|ΦC(Vm)|m〉 =

√
amTrVmV

†
m = d

√
am 6= 0. (59)

But the usual observation that KerΦC ⊂ KerΦ is required for degradability shows
that the channel could not be degradable.

If we can also rule out the possibility that |φm| = 1 for all m with am 6= 0, we
will be able to use Theorem 13 to establish the result. But, recall that |φm| = 1
only if ξmn = 1 for all an 6= 0, so that in this case all the Vn with nonzero an must
commute. QED

Corollary 15 Let Φ be a channel of the form (55) with each Uk one of the gen-
eralized Pauli matrices and Choi rank > d, i.e., |{am 6= 0}| > d. Then Φ is not
degradable.

Proof: Since the generalized Paulis are linearly independent, any mutually com-
muting subset can contain at most d elements, so that there must be at least two
Vn with nonzero an that don’t commute, which by the previous corollary establishes
the result. QED

The following corollary is of interest because is shows that for d > 2, there
are channels with exactly d Kraus operators which are neither degradable nor anti-
degradable.

Corollary 16 Let Φ : M3 7→ M3 be the channel Φ(ρ) = a0ρ + a1XρX
† + a2ZρZ

†

with a0, a1, a2 strictly positive and at least two unequal. Then Φ is neither degradable
nor anti-degradable.

Proof: Since X and Z do not commute, it follows from Corollary 14 that Φ is
not degradable. Indeed, this holds even when a0 = a1 = a2 = 1

3
. To show that

Φ is not anti-degradable, we show that Φ has strictly positive coherent information
IQ(Φ) by considering its action on a maximally entangled state |β〉. One finds that
Φ(|β〉〈β|) = Φ(1

3
I) = 1

3
I and that (Φ ⊗ I)(|β〉〈β|) has eigenvalues a0, a1, a2. To

see the latter it suffices to observe that the states {|β〉, X|β〉, Z|β〉} are mutually
orthogonal. But this holds since, e.g.,

〈β, (X ⊗ I)β〉 = Tr12(X ⊗ I)|β〉〈β| = TrX(1
3
I) = 0
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Thus, we find IQ(Φ) ≥ log 3 +
∑

k ak log ak > 0 unless a0 = a1 = a2 = 1
3
. QED

We have not resolved the question of whether or not the channel with all ak = 1
3

is anti-degradable. A more interesting question is whether or not the degradability
result (which holds even when all ak = 1

3
) remains true when X is replaced by an

arbitrary unitary operator which does not commute with Z.

7 Additional remarks

It was also shown in [39] that any channel Φ with Choi rank two that is sufficiently
close to the identity map I is degradable. It is worth remarking this is not the same
as Φ = (1− ε)I + εΓ with Γ a channel with Choi rank two unless Γ is itself a convex
combination of I and a unitary conjugation. As remarked in [39], their results do
not apply to maps with Choi rank > 2 [35], even for qubits. Corollary 16 implies
that a channel

Φ(ρ) = (1− ε1 − ε2)ρ+ ε1XρX
† + ε2ZρZ

†

is neither degradable nor anti-degradable no matter how small ε1 + ε2 is. Thus, there
are rank 3 channels with a trit output that are nondegradable, even arbitrarily close
to the identity channel.

The channel (16) can be used to make a small observation on one of the major
open questions in quantum information theory, namely, whether or not the Holevo
capacity,

CHv(Φ) = sup
πkρk

(
S
(∑

k

πkρk
)
−
∑
k

πkS(ρk)
)

= S(ρav)− Av[S(ρ)] (60)

is additive under tensor products. There has been some speculation that degrad-
abillity of Φ or, more generally, additivity of the coherent information would imply
additivity for (60). That this implication need not hold can be demonstrated using
the channel (16). First, note [15, 38] that if Φ = Φ1⊕Φ2, then CHv(Φ) = CHv(Φ1) +
CHv(Φ2). For the degradable channel (16) this becomes CHv(Φ) = CHv(N ) + log d,
and it follows that CHv(Φ) is additive if and only if CHv(N ) is additive. Thus, if
a counter-example to additivity for CHv(N ) can be found, then CHv(Φ) would be
superadditive despite the fact that it is degradable.
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A Background

A.1 Arveson commutant lifting theorem

The complement of a channel Φ : MdA
7→ MdB

is closely related to a map from
Υ : MdA

to MdE
defined earlier in greater generality by Arveson[1]. We explain

this following the notation in Appendix A of [23], where it was observed that the
ancilla representation (1) is a special case of Stinespring’s fundamental representation
theorem [1, 30, 37]. For CPT maps, it is more convenient to write this for the dual

Φ̂ : MdB
7→MdA

which is unital and defined by the relation Tr [Φ̂(X)]†γ = TrX†Φ(γ).
The Stinespring representation then has the form

Φ̂(Q) = V †π(Q)V (61)

where π is a representation of the algebra, and V †V = IA so that V is a partial
isometry. Arveson’s commutant lifting theorem [1] defines a map ρ 7→ X by the
relation

XV = V ρ (62)

with X in the commutant of π(MdB
) (or, X in the commutant of π(B) in the gen-

eral case Φ : A 7→ B of maps on operator algebras.) Then formally, ΥΦ(ρ) =
(V ρV †)(V V †)−1. For matrix algebras, the inverse above is well-defined on (kerV †)⊥;
however, in the general setting it may require an unbounded operator affiliated with
the algebra B.

As explained in [30, Chapter 2], for maps on matrix algebra one can choose the
representation as π(Q) = Q⊗ IE. Then one can write V =

∑
j Fj⊗|j〉 as a vector of

block matrices with the blocks Fk the Kraus operators of Φ, and (61) reduces to (1).
In the finite dimensional case with the representation chosen to have the simple form
above, the matrix X must then have the form X = IB⊗XE and XEΦC(I) = ΦC(ρ).
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Since (62) implies V QV † = (IB ⊗XE)V V †, using the block vector expression for
V above gives ∑

jk

FjQF
†
k ⊗ |j〉〈k| =

∑
jk

FjF
†
k ⊗XE|j〉〈k| (63)

Then taking the partial trace over B and using TrFjF
†
k = δjkτk yields∑

jk

(TrFjQF
†
k ) |j〉〈k| =

∑
jk

Tr (FjF
†
k )⊗XE|j〉〈k| (64)

= XE

(∑
jk

Tr (FjF
†
k )|j〉〈k|

)
. (65)

Since the left side of (64) is exactly the form of ΦC(ρ) given by Eq. (6) in [23], we
can conclude that

ΦC(ρ) = XEΦC(IA) = Υ̃Φ(ρ)ΦC(IA) (66)

with Υ̃Φ(ρ) ≡ XE = 1
dB

TrB ΥΦ(ρ) obtained from Arveson’s Theorem.

Although this establishes a relation between the complement of a channel and
Arveson’s lifting, it might appear that one can only use (66) to obtain Arveson’s
channel from the complement, but not the reverse. However, one can also do the
latter by choosing the Fk to be the eigenvectors of the Choi matrix of Φ after un-
stacking and renormalized so that TrFkF

†
k = τk are the non-zero eigenvalues of the

Choi matrix. Then

ΦC(IA) =

dE∑
k=0

τk|k〉〈k| ≡ DΦ (67)

is unitarily equivalent to the projection of the Choi matrix of Φ onto the orthogonal
complement of its kernel. To see this write the spectral representation of the Choi

matrix as

dAdB∑
k=0

τk|fk〉〈fk| with |fk〉 the normalized eigenvectors corresponding to Fk.

Omitting the eigenvectors with τk = 0 gives DΦ. Thus D−1
Φ =

∑
k τ
−1
k |k〉〈k| is well

defined and

ΦC(ρ) = Υ̃Φ(ρ)DΦ or Υ̃Φ(ρ) = ΦC(ρ)D−1
Φ . (68)

This allows one to obtain either the complement from Arveson’s channel or Arveson’s
channel from the complement.

25



A.2 Degradability implies additivity

The standard definition of the coherent information of a channel Φ : B(HA2) 7→
B(HB) with respect to a reference state ρ is

Icoh(Φ, ρ) = S[Φ(ρ)]− S[(I ⊗ Φ)(|χ〉〈χ|)] (69)

with |χ〉 in HA1A2 ≡ HA1⊗HA2 satisfying the purification condition TrA1 |χ〉〈χ| = ρ.
But by the Stinespring representation

(I ⊗ Φ)(|χ〉〈χ|) = TrE (I ⊗ V )|χ〉〈χ|(I ⊗ V )† (70)

with V : HA2E 7→ HBE a partial isometry. Now, since (I ⊗ V )|χ〉〈χ|(I ⊗ V )† is a
pure state,

S[(I ⊗ Φ)(|χ〉〈χ|)] = S
[
TrE (I ⊗ V )|χ〉〈χ|(I ⊗ V )†

]
= S

(
TrA1B (I ⊗ V )|χ〉〈χ|(I ⊗ V )†

)
= S(TrBV ρV

†) = S
[
ΦC(ρ)

]
(71)

Inserting this in (69) yields (4).

To show that degradability implies additivity, observe that the monotonicity of
relative entropy H(ρ, γ) ≡ Tr ρ(log ρ− log γ) under CPT maps implies

−S[ΦC(ρAB)] + S[ΦC(ρA)] + S[ΦC(ρB)]

= H
[
(ΦC ⊗ ΦC)(ρAB), (ΦC ⊗ ΦC)(ρA ⊗ ρB)

]
= H

[
(Ψ⊗Ψ) ◦ (Φ⊗ Φ)(ρAB), (Ψ⊗Ψ) ◦ (Φ⊗ Φ)(ρA ⊗ ρB)

]
≤ H

[
(Φ⊗ Φ)(ρAB), (Φ⊗ Φ)(ρA ⊗ ρB)

]
= −S[Φ(ρAB)] + S[Φ(ρA)] + S[Φ(ρB)].

Rearranging gives

S[Φ(ρAB)]−S[ΦC(ρAB)] ≤ S[Φ(ρA)]−S[ΦC(ρA)] + S[Φ(ρB)]−S[ΦC(ρB)]

which by (4) is equivalent to

Icoh(Φ⊗ Φ, ρAB) ≤ Icoh(Φ, ρA) + Icoh(Φ, ρB). (72)

This implies Icoh(Φ ⊗ Φ) ≤ 2Icoh(Φ) and the reverse inequality is trivial. This
argument clearly extends to tensor products of different degradable channels Φ1⊗Φ2

and hence implies Icoh(Φ⊗m) = mIcoh(Φ).
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A.3 Properties of antidegradable channels

In this section, we show that the set of antidegradable channels is convex. To do
this, we first prove another result that is of independent interest.

Lemma 17 Let Γ : B(HA) 7→ B(HB) be an anti-degradable CPT map and ∆ :
B(HB) 7→ B(HC) any CPT map. Then the channel ∆ ◦ Γ is also anti-degradable.

Proof: Let HE and HD be the environments for Γ and ∆ respectively and let
U : HA 7→ HBE and V : HB 7→ HCD denote the corresponding partial isometries
for their Stinespring representations as in (1). Then the complement of ∆ ◦ Γ maps
B(HA) 7→ B(HDE) and satisfies

(∆ ◦ Γ)C(ρ) = TrC (V ⊗ IE)UρU †(V † ⊗ IE). (73)

Furthermore, since the range of V is HCD and V †V = IB

TrD (∆ ◦ Γ)C(ρ) = TrCD UρU
†(V † ⊗ IE)(V ⊗ IE)

= TrC UρU
† = ΓC(ρ). (74)

By assumption, there is a channel Λ : HE 7→ HB such that Λ ◦ ΓC = Γ. But then

(∆ ◦ Λ ◦ TrD)(∆ ◦ Γ)C(ρ) = ∆ ◦ Γ(ρ), (75)

which implies that ∆ ◦ Γ is antidegradable. QED

Theorem 18 The set of anti-degradable channels is convex.

Proof: Let Φ0 and Φ1 be antidegradable channels and consider the channel

Γ = (1− p)Φ0 ⊗ |0〉〈0|F + pΦ1 ⊗ |1〉〈1|F , (76)

whose complement is

ΓC = (1− p)ΦC
0 ⊗ |0〉〈0|G + pΦC

1 ⊗ |1〉〈1|G. (77)

By assumption, there exist Ψj such that Ψj ◦ΦC
j = Φj. With the Kraus operators of

Ψj denoted {Ajk}k, define

Aj = A0
k ⊗ |0〉〈0|+ A1

k ⊗ |1〉〈1|, (78)

and let Ψ be the channel with Kraus operators Ak. Then

Ψ ◦ ΓC = (1− p)(Ψ0 ◦ ΦC
0 )⊗ |0〉〈0|+ p(Ψ1 ◦ ΦC

1 )⊗ |1〉〈1|
= (1− p)Φ0 ◦ ⊗|0〉〈0|+ pΦ1 ◦ ⊗|1〉〈1| = Γ (79)

so that Γ is antidegradable. Then applying Lemma 17 with ∆ = TrF implies that
the channel

TrF (1− p)Φ0 ⊗ |0〉〈0|F + pΦ1 ⊗ |1〉〈1|F ) = (1− p)Φ0 + pΦ1. (80)

is anti-degradable. This proves that the convex combination Φ = (1− p)Φ0 + pΦ1 is
anti-degradable. QED
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B Qubit channels

B.1 Qubit channel representations and conditions

We first recall some well-known facts about qubit channels from [24] and [31]. A
linear map Φ : M2 7→ M2 can be represented by the matrix TΦ with elements
Tr σjΦ(σk). When Φ has the form

Φ : 1
2
[I +

∑
j

wkσk] 7−→ 1
2
[I +

∑
k

(tk + λkwk)σk)] (81)

this matrix is

TΦ =


1 0 0 0
t1 λ1 0 0
t2 0 λ2 0
t3 0 0 λ3

 . (82)

It was shown in [31] that when t1 = t2 = 0 a linear map of the form (81) is completely
positive (CP) if and only if all |λk| ≤ 1 and

(λ1 ± λ2)2 ≤ (1± λ3)2 − t23, (83)

and that the map has Choi rank dE ≤ 2, if and only if equality holds in (83). In
that case,

λ3 = λ1λ2, and t23 = (1− λ2
1)(1− λ2

2). (84)

Channels satisfying (84) can can be represented by the matrix

TΦ =


1 0 0
0 cosu 0 0
0 0 cos v 0

sinu sin v 0 0 cosu cos v

 (85)

with u = cos−1(λ1), v = cos−1(λ1).

As noted after Theorem 7, up to unitary conjugations, unital qubit maps can be

written as Φ(ρ) =
3∑

k=0

a2
k σkρ σk with

∑
k a

2
k = 1 and the convention σ0 = I. The

matrix representative (82) has ti = 0 and

λk = a2
0 + a2

k − a2
i − a2

j (86)

with i, j, k distinct, or, equivalently,
1
λ1

λ2

λ3

 =


1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1



a2

0

a2
1

a2
2

a2
3

 . (87)

28



B.2 Proof of Theorem 5

We now present a proof of Theorem 5 different from that in [40]. Denote a channel
parameterized as in (85) by Φ(u, v). The amplitude-damping channels are those with
u = v and satisfy Φ(u1, u1) ◦ Φ(u2, u2) = Φ(u3, u3) with u3 = cos−1(cosu1 cosu2).
However, it is not true in general that Φ(u1, v1) ◦ Φ(u2, v2) = Φ(u3, v3). The next
theorem shows that this holds in a very special case.

Theorem 19 Let Φ(u, v) be a qubit channel of the form (85). Then

a) ΦC(u, v) = Φ(v − π
2
, u− π

2
), and

b) if | sin v| ≤ | cosu|, Φ(θ1, θ2) ◦ Φ(u, v) = Φ(v − π
2
, u− π

2
) with

θ1 = cos−1(sin v/ cosu) θ2 = cos−1(sinu/ cos v). (88)

Combining Theorem 19 with the fact that the Kraus operators for (85) are A+ and
A− defined in (39) yields Theorem 5. Note that part (a) implies that a simple
algorithm to map Φ ↔ ΦC is to change cosu ↔ sin v and cos v ↔ sinu. (It is
important that one change both sin↔ cos and u↔ v.)

Proof of Theorem 19: To prove (a), we begin with the fact [31] that the Kraus
operators for (85) are A+ and A− defined in (39) which we write in the in the compact
form

F1 = A+ = aI + bσz F2 = A− = cσx + idσy.

Next, we use the observation [23, Eq. (6)] that if Φ(ρ) =
∑

k FkρF
†
k then ΦC(ρ) is

the matrix with elements TrFjρF
†
k . Then for ρ = 1

2

[
I +

∑
j wjσj

]
a straightforward

computation gives

ΦC(ρ) =

(
a2 + b2 + 2abw3 (ac+ bd)w1 − i(bc+ ad)w2

(ac+ bd)w1 + i(bc+ ad)w2 c2 + d2 − 2abw3

)
(89)

= 1
2

[
I + sin v w1σ1 + sinuw2σ2 + (cosu cos v + sinu sin v w3)σ3

]
,

which establishes part (a).

To prove part (b), we rewrite this in the form (85) and compute ΦC ◦Φ−1 to get

Ψ =


1 0 0 0
0 sin v 0 0
0 0 sinu 0

cosu cos v 0 0 sinu sin v




1 0 0 0
0 1

cosu
0 0

0 0 1
cos v

0
− sinu sin v

cosu cos v
0 0 1

cosu cos v



=


1 0 0 0
0 sin v

cosu
0 0

0 0 sinu
cos v

0

cosu cos v − sin2u sin2 v
cosu cos v

0 0 sinu sin v
cosu cos v

 . (90)
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To see if Ψ is CPT, we first apply the necessary condition |λj| ≤ 1 for j = 1, 2, 3 to
(90). Since | sin v| ≤ | cosu| ⇔ | sinu| ≤ | cos v| this condition is either satsified for
all λj or for none (if it is none, the map will be anti-degradable.) Then it suffices to
see if (83) holds.

t23 =
1

cos2 u cos2 v

(
cos2 u cos2 v − sin2 u sin2 v

)2

=
1

cos2 u cos2 v

(
cos2 u (1− sin2 v)− (1− cos2 u) sin2 v

)2

=
1

cos2 u cos2 v

(
cos2 u− sin2 v

)2

=
1

cos2 u cos2 v
(cos2 u− sin2 v)(cos2 v − sin2 u)

=
(
1− sin2 v

cos2 u

)(
1− sin2 u

cos2 v

)
= (1− λ2

1)(1− λ2
2). (91)

Thus, Ψ is not only CP, it is also a map of the form (85) with λ1 = cos θ1 = sin v
cosu

and λ2 = cos θ2 = sinu
cos v

, or equivalently Φ(θ1, θ2) with θj given by (88). Thus (90)
becomes Φ(θ1, θ2) = Φ(v − π

2
, u− π

2
) ◦ Φ−1(u, v) which implies part (b). QED

B.3 Anti-degradable unital qubit channels

Since the Kraus operators for a unital qubit channel are akσk, it follows from [23,
Eq. (4.2)] that

ΦC(ρ) =


a2

0 a0a1 a0a2 a0a3

a1a0 a2
1 a1a2 a1a3

a2a0 a2a1 a2
2 a2a3

a3a0 a3a1 a3a2 a2
3

 ∗

w0 w1 w2 w3

w1 w0 −iw3 iw2

w2 iw3 w0 −iw1

w3 −iw2 iw1 w0

 , (92)
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where ∗ denotes the pointwise Hadamard product. ΦC can be represented by the
16× 4 matrix with elements Tr |ej〉〈ek|ΦC(σm)

a2
0 0 0 0

0 a0a1 0 0
0 0 a0a2 0
0 0 0 a0a3

0 a1a0 0 0
a2

1 0 0 0
0 0 0 −i a1a2

0 0 i a1a3 0

0 0 a2a0 0
0 0 0 i a2a1

a2
2 0 0 0

0 −i a2a3 0 0

0 0 0 a3a0

0 0 −i a3a1 0
0 i a3a2 0 0
a2

3 0 0 0



. (93)

If Φ is anti-degradable, i.e. Ψ ◦ ΦC = Φ, the map Ψ can be represented by a 4× 16
matrix with elements TrσnΨ(|ej〉〈ek|)

1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 1
0 x1 0 0 x1 0 0 0 0 0 0 iy1 0 0 −iy1 0
0 0 x2 0 0 0 0 −iy2 x2 0 0 0 0 iy2 0 0
0 0 0 x3 0 0 iy3 0 0 −iy3 0 0 x3 0 0 0

(94)

where xk and yk must be chosen to satisfy

2a0ak xk + 2aiaj yk = a2
0 + a2

k − a2
i − a2

j = λk (95)

with i, j, k distinct. Although there are many solutions for xk, yk, only those which
yield a CP map are acceptable. To check this, one needs to find the Choi matrix of
Ψ. Each column of (94) defines one of the blocks in the Pauli basis, e.g., the block
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in the row 1 and col 3 is x2σy. Thus the full Choi matrix for Ψ is

1 0 0 x1 0 −ix2 x3 0
0 1 x1 0 ix2 0 0 −x3

0 x1 1 0 iy3 0 0 −y2

x1 0 0 1 0 −iy3 y2 0

0 −ix2 −iy3 0 1 0 0 iy1

ix2 0 0 iy3 0 1 iy1 0

x3 0 0 y2 0 −iy1 1 0
0 −x3 −y2 0 −iy1 0 0 1


. (96)

By conjugating with a suitable permutaton matrix, one can see that this contains
two blocks, both unitarily equivalent to the matrices

Ỹ =


1 x1 x2 x3

x1 1 y3 y2

x2 y3 1 y1

x3 y2 y1 1

 Y =


1 x3 x1 x2

x3 1 y2 y1

x1 y2 1 y3

x2 y1 y3 1

 . (97)

The matrix Ỹ is, up to phase factors, embedded in (96); an additional permutation
yields the unitarily equivalent matrix Y , which we prefer to use. Thus, (96) is
positive semi-definite if and only if (97) is, which requires

|xk| ≤ 1 and |yk| ≤ 1. (98)

When (98) holds, (97) is positive semi-defininite if and only if(
x1 x2

y2 y1

)(
1 y3

y3 1

)−1(
x1 y2

x2 y1

)
≤
(

1 x3

x3 1

)
. (99)

Using
(

1 y
y 1

)−1
= 1

1−y2
(

1 −y
−y 1

)
this is straightforward to evaluate. In some cases,

conjugating with the Hadamard gateH = 2−1/2
(

1 1
1 −1

)
gives a more useful expression.

In particular,

• When x1 = x3 and y1 = y3, (99) becomes

1
1+y3

(
(x1 + y1)2 x2

1 − y2
1

x2
1 − y2

1 (x1 − y1)2

)
≤
(

1 + x3 0
0 1− x3

)
(100)

or, equivalently,

(1 + y3 − x2
1 − y2

1)I − (x2
1 − y2

1)σ3 + [x3(1 + y3) + 2x1y1]σ3 ≥ 0. (101)
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• When xk = yk, the matrix(H ⊗ I)Y (H ⊗ I) is precisely the Choi matrix of the
unital map

1
2
[I +

∑
j

xkσk] 7−→ 1
2
[I +

∑
k

λkxkσk]. (102)

Thus, Ψ is CP if and only if |xk| ≤ 1 and (x1 ± x2)2 ≤ (1 ± x3)2. This can
also be seen by obvserving that conjugating both sides of (99) with H yields
diagonal matrices satisfying

(x1I + x2σ3)(I + x3σ3)−1(x1I + x2σ3) ≤ (I + x3σ3).

It should be pointed out that (94) is not the most general possible degrading
map. For example, one could change its first row to(

1 t 0 0 −t 1 0 0 0 0 1 0 0 0 0 1
)

This will not affect (95), but it will introduce non-zero cross-terms in the block
structure used to reduce the positivity of (96) to that of (99). The positivity of
(99) will still be necessary, but the cross-terms will introduce additional constraints
without relaxing any other requirements. Thus, there is no loss of generality in
assuming that the degrading map has the form Ψ.

B.4 Anti-degradable channels with one ak = 0

For notational simplicity, we assume a0 = 0 and aj 6= 0 for j = 1, 2, 3. Then we can
assume xk = 0 and, with i, j, k distinct

yk =
2a2

k − 1

2aiaj
=

1− 2a2
i − 2a2

j

2aiaj
(103)

When xk = 0, (99) becomes

y2
1 + y2

2 + y2
3 − 2y1y2y3 ≤ 1 (104)

which is equivalent to the condition that the 3× 3 subdeterminant of (97) is ≥ 0.

When a2
1 = a2

2, a
2
3 − 1 = 2a2

1, and y1 = y2 = 1a2−1
2a
√

1−2a2 , y3 = 1−4a2

2a2 , the condition

(104) is equivalent to 2y2
1(1 − y3) ≤ 1 − y2

3 so that for y3 6= ±1, (104) is equivalent
to 2y2

1 ≤ 1 + y3. But since 2y2
1 = 1−2a2

2a2 = 1 + y3, (104) always holds with equality
when we choose y1 = y2. Moreover, the choice, y1 = −y2 gives a stronger condition
when y3 > 0, but does not yield additional solutions.

In the general case a1 6= a2, substituting (103) into (104) gives

4a2
1a

2
2a

2
3 ≥ a2

1(2a2
1−1)2 + a2

2(2a2
2−1)2 + a2

3(2a2
3−1)2 − (2a2

1−1)(2a2
2−1)(2a2

3−1).(105)
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By using a2
k = 1 − a2

i − a2
j this can be reduced to an inequality in two variables,

which, perhaps surprisingly, can also be shown to hold with equality after some
rather tedious algebra.Thus, in the situation considered here with the choices above
for yk, the matrix (99) is positive semi-definite if all y2

k ≤ 1.

The condition |y3|2 ≤ 1 becomes

(1− 2a2
1 − 2a2

2)2 ≤ 4a2
1a

2
2 (106)

After inverting (87) and substituting, one finds

4λ2
3 ≤ (1− λ3)2 − (λ1 − λ2)2 (107)

or, equivalently,

(λ1 − λ2)2 ≤ (1− 3λ3)(1 + λ3) (108)

which implies −1 ≤ λ3 ≤ 1
3
. The conditions for k = 1, 2 are equivalent. Thus, a

necessary and sufficient condition that a channel with a0 = 0 is anti-degradable is

(λi − λj)2 ≤ (1− 3λk)(1 + λk) (109)

for any permutation {i, j, k} of {1, 2, 3}. Similar conditions hold if a2
n = 0 for n =

1, 2, 3 and an replaced by a0.

Recall that in a fixed basis, the unital qubit maps correspond to a tetrahedron
with the multiplier [λ1, λ2, λ3] defining a point in in R3. Each condition a2

n = 0
describes a triangular “face” of this tetrahedron. In particular, the face with a2

0 = 0
is the convex hull of the 3 points

[1,−1,−1], [−1,+1,−1], [−1,−1, 1]

corresponding to conjugation with σk for k = 1, 2, 3 respectively. See Fig. 1.

• Each of the edges of the tetrahedron and, hence, the edges of the face corre-
spond to degradable channels, with only the midpoints anti-degradable as well
as degradable.

• The EB maps correspond to triangles whose vertices are midpoints of the edges
of the face, i.e., maps whose multipliers are permutations of [0, 0,±1].

• The boundary of the anti-degradable region is described by curves obtained as
the intersection of the surface of points for which equality holds in (109) with
a face. Projected onto one of the faces, these curves form a circle.
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[−1,−1, 1]

[1,−1,−1] [−1, 1,−1][0, 0,−1]

[0,−1, 0] [−1, 0, 0]

[−2
3 ,−2

3 , 1
3 ]

Figure 1: The face of the tetrahedron of unital qubit maps with a2
0 = 0. The EB

region is the small darkly shaded triangle; the anti-degradable region is the circle and
its interior. The dashed line corresponds to channels with multiplier [−x,−x, 2x−1]
unitarily equivalent to two-Pauli channels, with the extreme anti-degradable one
marked with a dot.

The so-called “two-Pauli” channel has (up to permutations of 1, 2, 3), a3 = 0,
a1 = a2 = t, a0 =

√
1− 2t2 with 0 < t2 ≤ 1

2
and multiplier [1− 2t2, 1− 2t2, 1− 4t2].

Switching a0 ↔ a3 does not change the analysis above in any essential way; it suf-
fices to set y3 = 0 and replace y3 by x3 in (103) and what follows. Moreover, this
change does not affect (106) which becomes |1− 4t2| ≤ 2t2. Thus, we can conclude
that a two-Paul channel is anti-degradable if and only if 1

6
≤ t2 ≤ 1

2
. This is larger

than the entanglement breaking range 1
4
≤ t2 ≤ 1

2
, and thus gives (after includ-

ing permutations and conjugations) 12 new extreme points of the anti-degradable
channels with t2 = 1

6
, e.g., corresponding to multiplier [2

3
, 2

3
, 1

3
]. Conjugating this

with σ3 gives a family of channels with multipliers of the form [−x,−x, 2x− 1] with
0 ≤ x = 1− 2t2 ≤ 1 corresponding to the dashed line shown in Figure 1.

B.5 Anti-degradable depolarizing channel

For the depolarizing channel with ak = a for k 6= 0 and a0 =
√

1− 3a2 and the
assumption of symmetric solutions xk = x, yk = y, (95) becomes

2a
√

1− 3a2x+ 2a2y = 1− 4a2. (110)

When a2 = 1
12

, (110) becomes 1
2
x + 1

6
y whose only solution in the unit square is

x = y = 1, for which (97) is a multiple of a rank one projection and hence, on
the boundary of the cone of positive semi-definite matrices. In the entanglement-
breaking region 1

6
≤ a2 ≤ 1

3
, x = 0, y = 1−4a2

2a2 always gives a solution for which (97)
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is positive semi-definite. For the general case, observe that when x1 = x2 = x and
y1 = y2 = y, (101) holds if and only if 1 + y ≥ x2 + y2 and (1 + y − x2 − y2)2 ≥
(x2− y2)2 + x2(1− y)2. The latter inequality is stronger in the unit square, and can
be rewritten as

(1 + y)2 − 2(x2 + y2)− 2y3 + 3x2y2 − x2 ≥ 0. (111)

Then for 1
12

< a2 < 1
3

one has a family of non-unique solutions corresponding
to the line segment which satisfies (110) and lies within the region in the xy-plane
bounded above by the line y = 1 and below by curve for which equality holds in
(111), as shown in Figure 2. Thus, we have recovered the well-known result [4, 6] that
depolarizing channels with |λk| ≤ 2

3
are anti-degradable. Moreover, we have shown

that, except for λk = 2
3

and λk = −1
3
, the degrading map for ΦC is not unique.

−1 −0.5 0 0.5 1 1.5
−1

−0.5

0

0.5

1

1.5

2

2.5

3

1/12

 1/6
  1/4

1/3

Figure 2: The solution region for the depolarizing channel satisfying (111). For
a2 = 1

12
the line (110) is 3x + y = 1 which yields the unique solution x = y = 1.

At the EB boundary a2 = 1
6

the solutions lie on the line from (0, 1) to ( 1√
3
, 0); and

at a2 = 1
4

on the line from (−1, 1) to (1
3
,−1

3
). At a2 = 1

3
one has only the unique

solution (0,−0.5).

B.6 Proof of Theorems 7 and 8

To study the general case of unital qubit channels, first consider the situation in
which all λk ≥ 0 and all aj ≥ 0. We will then show that the latter does not involve
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any loss of generality and that channels with some λk ≤ 0 situations are either
entanglement breaking or can be rotated into the positive case by conjugating with
a σj.

First, observe that all λk > 0 implies

0 < λi + λj = 2(a2
0 − a2

k) (112)

with {i, j, k} any permutation of {1, 2, 3}. Therefore, a2
0 > a2

k for k = 1, 2, 3. Comb-
ing this with our assumption that all ak ≥ 0, we can conclude that a0 ≥ ak for
k = 1, 2, 3.

Next observe that the requirement that xk, yk lie in the unit square, implies that
the absolute value of the LHS of (95) is bounded above by 2a0ak + 2aiaj. Thus, a
necessary condition for anti-degradability is that

λk = a2
0 + a2

k − a2
i − a2

j ≤ 2a0ak + 2aiaj (113)

which is equivalent to (a0−ak)2 ≤ (ai+aj)
2. With the assummption that all aj ≥ 0,

this implies

a0 ≤ ai + aj + ak. (114)

Substituting (114) into (113) and using a2
0 = 1−a2

i −a2
j−a2

k gives (40) as a necessary
condition for antidegradability in the case {i, j, k} = {1, 2, 3}. In the multiplier
picture this becomes (still assuming all aj ≥ 0)

3∑
k=1

(
1− λk +

√
(1− λk)2 − (λi − λj)2

)
≥ 2 (115)

with all i, j, k distinct.

To show that (115) is sufficient for anti-degradability, it is enough to verify that

xk = yk =
a2
0+a2

k−a
2
i−a2

j

2a0ak+2aiaj
yields a CPT degrading map for a Pauli channel with mul-

tipliers λk = a2
0 + a2

k − a2
i − a2

j . When all λk ≥ 0, and ak ≥ 0, the condition
0 ≤ xk = yk ≤ 1 is equivalent to (a0− ak)2 ≤ (ai + aj)

2 which is equivalent to (114).
Since (115) is equivalent to (114) when all ak > 0, we have shown that it is also
sufficient for degradability.

Now a unital qubit channel is independent of the choice of phase for the Kraus op-
erators akσk. Hence, its degradability can not depend on this phase either, although
allowing non-poisitive ak might yield additional degrading maps. Thus, (115) is nec-
essary and sufficient for degradability when all λk > 0. The corresponding surface
in this quadrant is shown in Figure 3.

To complete the proof of Theorem 7 it suffices to observe that conjugating with
σk replaces 1, 2, 3 in (40) by 0, i, j with i, j, k distinct in {1, 2, 3}. The corresponding
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version of (115), has signs modified so that λj 7→ −λj for j 6= k, and (115) becomes
(42)

3∑
k=1

(
1− |λk|+

√
(1− |λk|)2 − (|λi| − |λj|)2

)
≥ 2.

Note that the CP condition (83) with tj = 0 implies that the quantities under the
square root in (115) are non-negative. This remains true in (42) because changing
the sign of two λj either leaves (1 − λk)

2 − (λi − λj)
2 unchanged or changes it to

(1 + λk)
2 − (λi + λj)

2, which is also non-negative by (83). One way of charactering
the unital EB class [32] is that (83) is replaced by the stronger conditions

(1± λk)2 − (λi ∓ λj)2 ≥ 0, (116)

which is equivalent to
∑

k |λk| ≤ 1 and immediately implies (42).

Another way of viewing this situation is to observe that interior of the well-known
tetrahedron of unital qubit maps can be written as the union of 8 regions:

• 4 hexahedrons with an even number of λn negative. One corresponds to all
λn > 0; the others can be obtained from this by conjugating with σk, k = 1, 2, 3
for which λk > 0 and the remaining two λj < 0.

• 4 tetrahedrons with an odd number of λn negative. One corresponds to all
λn < 0; the others can be obtained from this by conjugating with σk, k = 1, 2, 3
for which λk < 0 and the remaining two λj > 0.

It was shown in [32] that any channel which remains CP when λk 7→ −λk (which
is equivalent to applying the partial transpose to the Choi matrix and conjugating
with a Puali matrix) is EB. It follows that all unital qubit channels with an odd
number of λn negative, or any λn = 0, is EB. Moreover, a unital qubit channel is EB
if and only if

∑
k |λk| ≤ 1 which implies that (42). Thus we have proven Theorem 8.

In the case of channels with an odd number of negative λk it can happen that a
linear qubit map of the form (41) satisfies (42) without being CP. Therefore it is
important that the CP condition (1±λk)2 ≥ (λi±λj)2 is included in the hypothesis.

Indeed, the astute reader will note that the proof found it sufficient to consider
degrading maps Ψ with xk = yk. However, the constraints on the degrading map for
depolarizing channels in Section B.5 imply that for a2 ≈ 1

3
no solution with x = ±y

exists. There is no contradiction because for a2 > 1
4
, the multiplier λ < 0 and the

assumption that a2
0 is largest no longer holds. This does, however, demonstrate the

need to consider the four small tetrahedrons with an odd number of λn negative
separately.

38



0
0.1

0.2
0.3

0.4
0.5

0.6
0.7

0.8
0.9

1

0

0.2

0.4

0.6

0.8

1

0

0.2

0.4

0.6

0.8

Figure 3: The hexahedron of unital qubit maps in the sector with all λk ≥ 0, also
showing the boundary of the anti-degradable region. The tetrahedron on the bottom
corresponds to the subset of EB channels.
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