Co M.'o M.'bmt fon

W hat ooes € mean to "ww\f!wre,“?
~ Aot abV:oMS! Took vantil 19736 'FUV'
Alon Turing b formalise Fhis F"Pw’j .

-D__ef_f CTwinj Machine)
Twle (Q, 2, 6)

Q = {1,, 11 ) 16‘
Einte set of “stetes

Z= lro: °'1)"'1-L';

Cinte set of "ymbols“ ; a{:’s‘f'irvw'skee‘ "blank f;mboL-L

E: RxZ — Qx2Z2x (L R}
partial Function From state, s]nhl pairs 1o
stole, vnbat, olirect fon t‘P,‘P les



How ddes o« TMN work "

” \
Le@an
ol dfododol [ [ T [ [ T 111 Peforfafufife] | o
w2710 1 2+ (\

oo "Lepe”

* Stort
- head over ‘b’afe cell ©
= input: Einite s't‘rinj of novn-blank vw«ln-[g
writteas on tepe from cell O onwards
- rest of teope f£illed vith blonk $dmbotf
= TM in state 4,

v Eoch time step:
= 'L'ape S\yw\hel e under head
T M f—urrewbb in inlernal stole g
- §(o,9) = (o' 9’ D)
~ write o’ on cell wnder head
upda'be, inTernal s't’e»‘te 0] 1’

move heod one s'{rep in direction D

e ¢L,RY

o r'_’l'v\l"‘n:
~ £ TM aver enlers stale 2 halt
- 0utpmt: whetever s Left wiritten on Tape

Con Formalise +this m‘gorousfy F degir~ed .
(Exercise)




_D_gf ( Computable Banction)
£: D c IN =™ IN s (pw’biat) Com/oufouéle €
3 'l'u»r?nj Mac,kine which , J,'ven -‘Mpu't
ne P, halts 1~ Linite time with
eu'tpmt FC!\); onol jivtn Fnrut n eE )M/b 3

never lﬂaH’: .

If D=N, £ is teolal comp wt able .

WL\\\? 'S this the Pu‘gh‘b delinit jon of COMth'afl‘on?
E-g. why wnot o S5Cpi — 00 #a,oe,?

Or allow heed tTo S‘f/’o\j still o5 well as move L/R?
Or co ~Pp I&‘f‘efb o fferoat mmodels of computation
( Loaw bda calewlns, m-recursive Ganetions,

celluler au'tamato\, Jome of L.ﬁg' b,IL; ard 6,[[:“.)

Twurs owl deteils of comfu'ta‘t;amal wiodle (
don't mattlter.



Church- Tgm‘v thesis

The class of camfu'toxue Covclions s
thef endent of the  moodel of compuit ation,
For ol rea.\‘ona“@ mooIeLs of wm'ou't'a‘b}ov\-

Mot o theorem, since net o statewent thal can be preven,
Viewed eag ean axion (G6del ), def=in'tion

Cklceme), v\aﬁw-al, low (Pos'f'), Q—MPiMCoJ fect
(Copeland) &y vemous peopla.

Pﬁovlm ‘FW' MOV\J SPQGF@'C MDJQLS ofF Compu‘l‘u‘l‘"on
e9. lamda caleulus [TWPMJ], p=recursine Conel Tong
[TU\I‘I‘#\J' Chwc"\' kieene ], cellular sutomat o

[yon /Venmmn], gome of Lfe CConwac,?],

billierd bolls [ Friedkin & ToCfoli], ...



There @xist Uncow\fufaé’f, 'AAncfioms.'

T hw (Mno{ectdab;[ff\y of Hﬂt*!‘ﬂj) [TM";“J 10’36:’

h: INx¥IN — (0,1}
L\(M, ) = { ! TM i bolts on inpq't'i

otherwise .

l'\ fs not cowfufable .

Proof (:M'FW"MO\L)
Let £ (wm, i) ke Gny totel cemPu‘taL[e
Yunet ion of two orgu ments,

O otP Fe, ) =0
Tru ) = /
Construet TM _9(;‘) loops Rorever FCi.0) = 1

I'vlpud
* ¥l9,9) =0 = 9(9) halts = 1'!(3:9)-7 1 # £, 9)

. 'Fcﬂvj) =1 = 3(’) ’aufs = l«\(g.g)=0 #"F@;j)

h # omd Mwspu‘ta@/e Gunction, Q

To wake this ormal, would need %
¢ specity how To ~epresenl TMs n IN

~ 3,'st enumeration of TM
 explicitly construet g

( E:bW'Cn'sL)




Note: proof s variant of Contor's o’:‘@ono[

© o 1 1 1

1711 1 0 ©

2| 0 o 1 1
~ ! : .

3(1) ouwu -+ 0-
L\(,,t) 1 0 0 - 1

Carollw'v ( G-idels Lirst IncomPleTems'; theo rem )
Zn "‘j cws.‘st enTz, umpleﬂ, re;w-sn've aaL:OMa'L‘fso.tiom
of ea~ithmetic, There exist statemonts Tthal can
be neither | oroven nor aUsPhovzn.

€irsT order {agic statemants about

Proof idea rot ol aumbers

o Asiom schema allows wng to ME:J'\&A;M@ enumerate
over volid legical slalements in erithmetlic,
’ Haltfv:g froblew\ con b@ e.x'u-es;qp‘ 0§ o sta‘femen‘t

in  orithmet ic .
¢ Construet TM thal, on iaput m, 4 ,
ernumerales over stabtements until eithenr
't Gnds froo-F mth TM laltg on ‘mpu’b v, or
Pvl‘oaf Thot 't cdoesn't.
— Decides Helting = conlirodiction, o ¢



Thw ( Universal TM3) CTUW‘IV:j 1934 ]

Can &tPUc?t@ censtruel a TM  which
on MP wk WA, | outfwbs ~esult of
Puwm?v\j m'th TM  en :‘nfut %

Cit this halts, otherwise runs Yorevers),

Proof idea:

' I,\PM'L' m  conlains deserigbion of  Promsition
rinfes oF wm'th TM ('n some Lrm one
showld slpzcn‘ﬁj,' cf. proof of uno’ea'a[aé:'l‘"@
of H»g(t‘?nj). |

s Construet TM which reeds m  and
simnloter Che specified troms/tion rules, o

Thwa (C Rice's Thm) [Rice 1963]

Arnd non~triviel fmp@rbd of Par"h'al
Cunctions IS uw’ecoiolaéle.

( Det. "ven-tmuvtal": not tree (ovfolse) for
all Functions, )

Proef : £ xercise.

Comfui'abu'b,"@ ‘L'L\eov:j stud/es whether Thangs
are compuxtqblt _m_,:ﬂgf_l_e_ on Gan ioleo\b'sd
compuler with (afinte p~esources

To st ud" whal can be conpu‘lreal on realighic
~Ceounrce- L"w\'lt'eol compthP$‘ neﬁJ Cn'n;i‘a-rg yu-;.'oa
oF th Qory = CDMP,Qx:tj 'H'\QN‘J v

7



(Brief ) Tntvo duction L Comp (‘D‘"{'] Tlﬂeo\/‘y_

Co ™ p (uc:"éj ‘t’L\aog s the rigeroas
o 9 Sis o-F 'i'LQ Com,’)u‘ba"ll;;otna/‘ rMCowmrces
Cs‘pqce, Time, ... ) veguired 1 solve a )oroélaw\.

Mowe )0/‘66)5@9, if ConcCerns {—L\Q S‘cabnj_
o‘F 'ZLL\Q WRowrcesS as a ‘ocamc'[‘('c)n O\Q f’l\q
size of the fmélem.

Cowf wtallonal Pwoblems
amounl of thlormalion

S S'Pede 'omélz.m

PNLIQM Slze =

E,J:

Fao‘fodﬁ_p ro blem
Lwnput: = € N
Ou‘[‘fw\tf factors of n

Preblom Slze ~ & of digits in n o~ log®)

SAT
Enput boo lesn RLp re ssi on Mit:\j vars &b},
opeyations A, Vv, —

OuT,DM'l.'Z g\/ES £ J values b 650,177 s-t.

ezpfesﬁom evalua’bOS‘ '('o 1

NO o‘(’t\o—rw; se

PY.OL[QM,, Si2ze ~ # booleon vemables 8



D\Ctev\ in‘t’eresi‘eal (n de:«'s‘;ow /Dr'ob[‘?mf :
Pmbl&ms with é;naj om'l’fuf YES o NO (1 ov 0).

M (Decision Problbwm)
£: §o0,1* — (0,1}
;r\fu/z, wp;'[‘t—eﬂ I‘b;ﬂa\lj Oui'Du"t
as é,.‘t—s‘l’r—i:\)
(IV\ L'[’mi:we, ofte, Seo 'é’eywu'molbjj
”LM\?(A%Q“ [ = s 20,13* : 'F(S) =1
‘Y Decjahwj tﬁ\e [Mjaa‘jej‘ = Solv-}.:lj OIQCA\SFW P/‘oé/Q”‘“)

Computa‘é;ono»( 'Orou.owng of ten  hove natural

Q7¢,Jvdemt degsion vomadls

AN

Wil voke s v*'Uefo“S (ate, !
E. 9°

):“Cf"*"j_ (decision varyant)
Infu‘l?-‘ n, kR € N
Outpuwt: YES o wn ha tactor < bk
Vi») othtorwise

E xorcise
Show Thal iF gow an solve factoring decision
FNL(SM« , Lyom Con a(;o -tho‘ ‘Qc‘f’or-s.




C-i,rc.u. Ut /"\oa‘ eL

Lc?j]c, ja‘te (o-r' :jod‘c“)!

Boolean “rnction on 1o 2 bits:
G (o1} —> {01} or
6 (o 1V — (o1}

E\g.
1 x=y =1
AND Cxlj) - 20 oTL;ZM/?Se
NoT (x) = {O x=1
1 x =0

C rewit:

Finmte S'Q-7V'en¢e of\ ja‘i’es eac,l\ ac,‘é}::\j
0n SFQCA'PFQO' subset of bits.

E.y. ( crcuad dicymw‘)t

AVD
—] Nor M

AND ]
AND | M

AN)

AMD

(G@‘l;eg O'Om"l': [/\a«ve, To °m(:7 ac;t' o "qa’\)‘acen‘t‘“
bite — Just  eagie~ T dro 1) 0



Q uant v Covv\f)ut atiom

Q\Aow\'bwm jO\'be

UM'L_OWy Opero\‘fo;- o 1 o 2 cl*ukt\'bs‘
(I{1: Cz — (—
U, C*® c* — @ ¢?

Eg. 1 o
Ucnor = 00 X00| + |o1XoOT1|

1

+ 111><10] + )10 X 11] o o 1
10
1 O

NMote (,wu'l‘am‘l’j = revers) bl Li‘j
U =1 3 U has inverse gate u’

(C(O\S‘SlCol coMpu‘l‘ad'con C an a/;o éia o(,o-me /»evusr"é%
— SFQCA“[ case of C,MMtMM Cow'tha‘f‘lo-n)
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Quontum circut:
Finmte S‘Q7vence OIO 7(40.,,\"['(,4,,4 joﬂf’es eac,[\

aci?«:\j 0 SFQCA"FI'QO' Subset of ?u!aits

Q,o_u‘l | P> [9"c0mf>ata*£?oual basic™ state, iLe.
> = @ x>, x> € flo>, 11>).

Oquut s outcome OF W\QO\SU«N‘V:} 7(/&5'"['5
t cSw'ou‘L'oi‘)onaL basis, (.e.

M2 Ors Ll %‘Tl-w), 7—[(1)} on each 7“5'\'&\
— ocdtcowe probalo?lx‘si‘/'c !

(Cau\ also o(g*F.‘v\.Q Proéa!ﬂ)bs‘f"c C[dcft\ca(
C,ow-PuCl‘a«i“l'Ov\ “-- bvft nol  in TL\JS CMQ!)

E@ : (7(AM"LUM ¢ irouwd ofq‘ajraw\B :

(0) U 7
M> ] A uB d 7N
> — A7, N A
Jo> — ug k ~ A
Uy,

(0> u A
M z A

W@Q’MM:GV\%Q /‘12



Co m'olctiisj Closses

Clﬁ“;ﬁy wmfut'ﬂfl‘MaL PNHGHI a“ﬂf"ﬂ“ﬂj
to compu‘t at lonal rmesour~ces »eqw‘reJ o
solve them, CTJPI‘CQLI‘V time or space ,
we will onfy ;“tudy Cime complexity closses

here.)
Tn T’uv\rv\j Mabk,‘ne

P;ﬂ;g'l:'\ = ¥ of non-blank cells in input

model of campu'i'&{':'en.'

time = ¥ of steps until helt

spoce : = # of different 'L’afe cells
&CLesseJ bj heod o{ur;nj computu-[;,‘ov,

Def. P (pelynomial = time)

Closs of all AQCTTS:B'\ pro blems solvable
I +time thot $¢a,e s
of 7npuf’ sige.

ag Some Pe!ynawu'al

E“Mfuf . J ecision Mrﬂﬂ’ O'F addi Lo ,
Su étfut’iov\, Finelin Q'wenvolues,
primality testing [2000]

13



Yy gnore name l

D-gi.- N P Cron-deterministic Poiymom?al time)

Closs of odecrsion Prol-lem; Lor wihich
Hfo{y-t':'w\z velier TM Vst
i€ ongwer fFor taput > Ts

YES ¢

J Po{ynoMiut-sized "witress' w
s.t. v{ X, w) = 1.

NO .
V witnesses w Vix, w) = O,

14



Thaink of MNP asg gare bLet wee,,

all- po werful ( but wfmsfwo-v/"ﬂy) Merlin
°W\(! [255‘ Fo»«znqﬁl A ~<thame~  Who con o-/\Ly
r—n Fo{ynow\ial ~ time Cd'ha'ou'l"a'f.’n'o-nf-

b

Arcther asks Moalin nestion .
Maylin ref&'es with aaswe~ VYES/ALO.
Bul  Arthu doesn't trust Marling, <o
Mw&u\ q’;o JWQS Ar’[’lr\ur A s:'m,olfe
(fo{y — e claackalﬂle) froO'lc w that LM‘S

aAswor— s correct.

/\/p 's c[a\S‘S of al/ /Or'ob/swls Lor Ll

MQV"L;V\ Cown COWN VA NCE Av*\tlawv' Q‘F a

YES oauncwer— (Jw), end <conndl Erick  Wm
’w\‘t’o LQL’evlv\ a Wrov\\j A/O an S uw, (VW)

(No’t‘e a\sjmwe'l‘y betweew YES R NO .
Class co-MNP " is v stvallor-, but with

—oles of YES & NO Svaf/)eo(,>

15



Weant 15 eneral’se these classes o
g

7u\om'fuw\ se:bh'ng. But we have ev\/j

FA'EWduLEJ cireunlt  mpdel of dfum'bu,w

wm,uﬁba'bl'ov\-

How ere P, NP defired in elassical
e'rtult  wmodel ?

P:?';”i'"‘-'- #* Mpw"t’ bits
Cime := # gobes la clrewt

Fi~st UW‘MP‘L’ :
D ef, P /F'lj

Dec?;iow\ pNUONS solvo\L[e w iTh foljnown'al'
5/ 2 ed CC«{OLB';:@L) elreunit,

r.e. problem size n
= erent se Opelyln)) .

But this def. doesn't give seme class P
oS bcﬁore,

In Coct, P/P"l('] contalng undecideb fe
Phablﬁwl I

Eacehc:;q,: Shew Ho[‘b’-‘nj C P/pob

R

16



Isswe s that have T conslruet odifferent
ciremits ©r different ,M\ob/ew; siaes
— conNn Smu@le Ea ww\plf\ cmfu‘fd:ffen in‘tﬂ 'L'Al's.

Need fome k;nd OP MA;FDPMI'@ Coﬂdféion
on Seguence of cireunits of ,‘ncm;i:y S/'ae

CSecond ottt empt !
Det. Uni€orm circuit -Fam,‘b

5equence of cireuibs C, on n bits
13 i Eorm if 4 TM wk;ch, on
Trput A, out puts  description of C.
P Fe{ynoM}aL ti/imme

Det. P
Clags of decision pmélm; solvable with
un;'Form ‘FQMILJ of Pobv\dwﬁal "$;i¢d C'r Cuit S.

E-’C?—V"CUQ: SL\OU A?PA’ of P in TM mocle!
R circwit medel coineide.

D@ffnﬁr NP oma'odow{y MS;V:g tn 1 Yorm 'PGNL[]

of veriGer clrewnits.

Having deslt with This subtlety, can alwost
a{wads FOV‘@Q‘I" about t. T PPMt;CE, eirewEs

we construct anre ;y\v.f‘;gb{y IMMI'FOPW\-

" OV\LJ ?Mfor'bw\t tkins obopt TM;s s they exist {7



’ w
z ,?MMt(Aw\ P

E BQ P ( bowndad-er~vor g - fob-i"w'e)

Decision pmblams !

= po’j"'s‘?iled 7Mamiwm crmewst U s.-t.

2
o > 73 YE S inslance
UOM W 4
Pr < tﬁ ts 1 ) g < 1/3 NO instance

~N

< Recall
P (U outpu‘fs “17)
= [Tt'® 1, UlxX=x]ut]
= <x[ut T'® 1, ., Ul=x> >

K—w‘(oj ou’f’fu‘f 'S
g 1ven on Ist Qub;f

.inpu‘t | % —édbns;@ malma X |

— X ereqse
Pvove class BQP 15 lmole,omo(QA‘t o‘F
choice of Z .

18



Def. @MA ( Quantum Merlin - Arthe)

Decslon problems ,

S| Po%j~§7£ec| ?uav\‘i’um venm G er drcadt U

st. if ounswer~ on (classical) }n’Du’f >x is.
YES .
\ \ pelly (w)
3 Po!y-s:zed quantum L itness [w>e € 7 st
pr ( U OM%PMTS //1\\ o I‘V\f\/‘t )'>(> \w)) 7/ "Zé'

NO :
V/ sTates }w>,

1
P~ ( U ou'ff)u‘l‘s “1% o ?v\'ou'(: )¢ > \w)) < =

Mete: cﬁodn, 'o.robs 2/9, 1/3 aré?tmrj,

E>cereise

PNVQ tLJQ .

19



Reduc € ion

[ets us Compore o{.‘ﬁp;c“(ty_ of
Al tF erent Comp utotional lomé lem s .

—J r‘i?ov‘ous\ly 54:7 'Droélem B ic hordesr
tI’\W\ Fﬁoézﬂw\ A .

\

/," karf V‘éa’uc‘é fov\\

Def ( poly~time reductiom )

A Peduceg o B if
o hrap A — B

ins'f'mce — 3 inslance
a b

.. L) L\as OAS L C~ YES Hf

a has ansue~ VES.

&o’ waP A"‘S B Can éQ Com'oq'i’ea! bj
looﬁ—s?ze erv-ant

'I\e. Con Sole A bj 'fI‘OW\S‘FoPMTV\j
£ into g R So/w:vy B-

Write “A < B

A<B &
me‘te l

-~

B<A = A, B g7u)vale,/tt
A=R",

20



Det. WP~ hord)

Problom B s MNP~ hard g
V A € VP A < B.

Det. (MP- Ccov-tlol.c'f‘e)

Prob(em A (s NP‘CoMf[O‘e n"F
A e NP-hord & Ae NVP.

N P- Comp(d'e fmélams st oydest frabbwlf
(n .A/&Dn . 4 Jou can solve one

yoq <o S‘O{VQ .i“_u /\/60 IONLZOJMS‘

/

D?A‘V\e QMA "L\WJ £ QMA—COMPWQ
ama\lojousb.

21



COMIo{exHij Zoo

&Qel,of:ions‘lq,a betwen P, MNP, BRP, QMA
iy o 0'09-4/\ P»"OL&M R

v P S BQP (clssical = special <ase of
Ne € amMA 7ot )

> X NP infamous ! § 1,000, 000
C P2 BAP Tore quentumn computers usebd?)
r BQP .—?GMA quw\%w\ P ovs. NP
‘ A/Pz"3 QMA  wnlilely

G_Q'V\m(, b{Ue*F.__
QMA ~complete

\ {Gl«or_x

QMA' ’Lar'a’ ww{ v:g '

22




... but

could be
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