T. Hawiltontan Com}o/ex.‘iy_

Noto«‘{??o-ﬂ C( nm:‘mo{ojj_

~ A, (H) o Ay (H) ©= i <Pl HIP>
(fjrow\ol st ate enev*jj“ 2

— HI¥>=A4, ]’Lf> 4> = L’jrovvnc/ stote
— Lo= span IYD T HIT> = s 1>}

Lo = 9-5. subspace”
— Mote: H z0, A (H)=0O -"—55-5. subspaco = ke~ H

~ AW = A-~A = z;fﬁ,, <@ lIHIg> ~ A (H)

”Ffed'a\l jqf’“: same operator, different e@v«ls

= j\¢> CH1) — Ao(“z,)
”Pmm[se jqf wo o{'FPeru\‘t' o(w‘fav‘s Some jVa’S




[—ocal Hawmiltonians

Cove @é\jqc‘[’ of S“lf’v\a‘] o tlis

em‘t’:iwe COusrse .

Mo«s:j-’ooo\fj 7uamfuw‘ Sjsfew.l

®
o Mu[i’t‘,oartit'c Hilberf SfaCC H =(G:J) "
(o'P[’@n d=2 : n 7:46"'2" $j$tew\)
eq. porlicles with Spin—s (d = E—(f-”)

o Local interaction Ham!(tonian -
l’\ = L,S & jLEn']\S , s c CV\]
I-e. h acts non- t’r-?v:'al% on9 o n
subset S of the Pwtialef

WC S“J f[«oft z'\'femo‘l"fom l'\ LS /2- local
f S| = k (i.e. acts non- i‘h‘\u‘al5 e n
k fwt?c[es).

Notation ! often wwite hs = L’$® Leys
l.e. Subscr;'ot indicates indices of pw‘z‘ icles
acted on . 4 on vrest is ;M)D L-‘Ou't .
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Det (k-local Hamltoran)
H= =LY < @H®)

W& S‘?] f&xat H {s a /Q-[ocal Hamﬁlfon;an
(o "H is k-lscal') €
i hY s k-local.

T.e. k~local wmany- baajy Hoaw Ml onian made
KL m Zm‘(‘e/\acgons, eacl MVOLU‘;'AJ
al wost™ ke qu"f icles .

EXM,OLZ SF:V\S on L-‘V\e w;tf'«, newes‘f,' -W"jﬁ\loour
‘ateractions ' H = ZL,'
¢=1

e+ 1

G @ ——

spins  on lattice
—_——— —~— H = Z IAL
<l"s}> ‘)

K meij)n Lowrs

A/o‘['e.' Iin jemoral, no U\-na(e,rb»:\j gcaw\e'fvy

> no reguur-ewen? That Llocal ?m'toraoil‘oms

ar-e geowuz“lr}ax[9 local.

Physics temminology “k-local = "k=body
but  stucl «witl, "“k-locol" wow in QLT.
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Mot ivation:

Pczw\clqvmen'ba[ ;n‘i'era\of'fons N nai’urc

CQ-J. e/[ec,tf‘amajme'tic, or ”COIALOW\L)“,;.A‘t'QfﬁctFOV\)

ar€e fit h-[aaa[ - .‘,\'L'era,,i'n‘ov\s aleca:j
A :)/o% , nol \Cr‘m"fe~r0wx3e .

Hovw e ver, LN maonay ~ LaJ\y %7$Z'ew\ electron
clowds of negkéo wi?ﬂ atomg shield atowms
£rowm Fells of  wmore AicTant ,oar"llic/es

( cF. Farqdaj Ca\?e ) .

At [ow —ena/:jiesl mam‘]~boo‘ly Gj;tcms often
well - af,oro;z,;ma"[ed b\y k—loc.aL (often 2-local)
Hawa! ltonians .

—> h-local H crop wup ‘ﬂwwj hout  condensed
motller ,otygfc,;.

The ww:)'ar 'fon'L of cond, wmal. : _pl'\a“a trowms i bilons.

Quonlvm phase Transitions Cej. superconducthaty,
S'WPQ"’FLW;:'/“tj) occur ol zero or V&\z Loww
temfemt ur~e choractericed L’J abwufi' change A
j.,vow\ol state of fjgz‘e,,.,\

% 7(/\Mt'um CmﬂJ@SeJ m‘t’t e r ;i'ud\y OF
J"WM‘ stales of wv'éoflj sy stems,
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TL\C ”Local Hami("toir\ian FPUUCW\“ sts'
whether~ or not a (ocal Hawmiltonian

b‘af a Llow Q—lf\erjy jrouno‘ S'i'a'l'e.

l)ef (LOCQI. HaMu‘li’onu‘am PPOA[CM)

Im)ou\ti R~local Hamiltonian H on
n uiii’s with wm (ocal terwms,
,, oo where A, (H)< o« o~ A (H)Z g
Promise {wi'th g > 1
fob(n)
Output : YES if A(H) <
NO if A, (H) =g

A/o'be. TL\AT .

o IV\fUlt TS‘ Clolgg;ca,l degcr,‘f t?QV\ O'f\ H’

ej, S,oec,?‘('\] JZk maal ri x elemen‘fg Fov each
of The m “terme,

. Wfoj m L (:) = 0(nk) = f’éfy(n>

FPOLICM size (For Fixed kd) scales
'~ Fol)(n)

—> take n 1o wmeasure f/\ob/em size



° (SiV‘?Ct\(y S"Oea«l(u'nj, namber of bits o{’
dqfO\ V"GTAZPGJ '('t) $f€cﬁcj Yn,ou'[' quo

a(e_, QV\J; on Fr‘ecn‘;.‘on O\C l/'—\o\tf;)( Q./\‘[‘I‘IQS,
All  our vesults will hold I/ wmatviz
entries are resticted to Fo!](n3 o“jhﬁ
of precigion, $o we ignere The inpul

,Dreaa's;om from Ao on.)

. Tojeﬂ«\ev» w it h infut, given promise
thot condi Zion 1
A(H) €= o ANZ B, Pow = gz
holds €or the ?Afh‘t

—> ovx\’y V‘eciudr-eof o solve pmé/em
U\l\ole,w O\S.S'MM,D-b?OV\ aono‘fi‘.‘on l/\old_(‘.

o Cénver;elj, to ’prwe hordness results
must ;L\ow condition does hold or

O\Vj H we congtruct.



Thm ( Kitaev)

The Loca[ Ham:’ti'o niawn vyo '
QMA -~ hard i lem 16

Tl/\e -F’rst oe ww?st ;m'oorta./\'[’ V‘efulf tn
Hoawm; [t onian C,am,o{ex}i'j ‘tkearj,

Has raany T erestin
RIT, Com'ofci
(See [a.te/‘)

;mPlicaffov\g 1Cor~
) & QSfecio«lbl Péysic;

To prove CQMA'L\meeSs-‘
Trans form avy AMA Pm!o ‘_"'>‘Loca[ H. f"“"-”

Recau De}c. Q/V\A .

apo ”5;2301 / ! =
ly 9. civeuil U u UG U, st

:/_é.'é_i. 3 IW> PP CU[wD o"lt'ou‘bs 0/1 \) > 2/3
_/_V_Q. vV [w2: P~(U|wD> . W) = ’/3
Tdeo:

”EV\COde“ V. r Yo

ot Jromm:r Fre clrctlt —> local Hamiltonlan

s"['a‘l‘e evxt',oJQS owﬁFut o-F Cul"(:uut_
14404 Z@PM‘ '['L\a\t J:VGS‘ add(f'tl‘onal
'oena Y i€ clrecult cu't,ou‘f{

YES /NO

L=
VY,

"O
&~ W —enev- '
(o jj /AAJL‘) wefj& Jf‘



Before ,Df‘ov"vg Thm, we Firct consider a
naive af'broacl\ that doesn'? war/é) bed
teachec Ug some‘t’lm'vy 'uwlfor'['ant about
7Mdnt0‘w\ MaU’béj states and Hoamilton'ans

Naive fPOO‘F qf’DPOacl\ ( doesn't work.’)

Veri Cier clrecult :

outpul
IO> { u?{ 7u|ol|)‘£
U, 4 U6 B
Jw) N
u, |
IO}{\ U Us | \ \
\ V 2 \/
RASEEE AT AR A NNL 7 N Y-S

Inlagtiy\c‘ (olyi\f\\j out c}rcw't oWn la‘f‘f)ic,e o‘F
701 " [CS .

jo> -e . —_— *—o y —o—;::i"zt
= A o—o U;le o ® 7l o
S D
i Db 'jﬂ‘
5
- - - - = o -
’0> —o— O 0 W u‘f PY P P
g—O—t i e O o O o
T T T 0 T o~
RANENE AL AN IC AL S Y-S
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Now Fut local Hamfltoman}‘ whe,ever there’s
a gote C(also need Z-local Hom! (tonian Terwms

fonr ‘io(en‘i':{i] Jad'e;‘):

N (@——oe oo o—eo—fo (o Jo Xof
° Qa—é he—e—@ 8 e
Q A N e o'
O o ® f?@f‘__o/ O o
panc G “ o/ o o o
1l A S
RASEEE AT AN E A NNE 7 NI 1>

Con eas%lj Lorce c]qu‘ts PQP'P'QSQA"L‘ "‘:‘} Ywitilal
f‘f;ad:e o]c oud"o U\‘l; (f a/\c{ua qu"l"S “l’o be /O>
uyh:\j {—local term T = [1x1 ;

But leave nitital witness 7ub,‘t5 Stote

unCongt rFain eo|

Cimilow . con lve additional Qu\e—r‘y femali‘ £
Tutb?‘b r?epreceniinj ﬁ?nal ;ta’te ‘jo'F O f"‘_t
qubit s O simg I-lecal terwm 7%= lo)ol




;j we could f£ind Hamiltonlan terms
H1; ceu H7— Si‘. \7I\OMJ S’ta"teg refresen‘k

correct evolution of circwtt, wveld be done:

VES instance : N

- withess [\,./> st. P~ (ouT',ou't l1>§ = 3
= 3 state YD IM>-- 1D f‘f,O-l‘eSea\t’wj

cor-rect evolution of civreamT ¢s.t.
(0)

°”‘l] pichs up enert 5% o TT 4

— j,S. Qnef:ﬂj < ";'

NO nslance:
\/ |w> , Pv\( outfu-t “>> < ’IE

SV Y= IS D
r-efresen‘blvtf correct evel™ of C""C‘A)’t)

f)?c‘e “p %07] >/-§’ fowm TTO

out
Y [¥> nol "\el‘”‘efe"‘t‘\'\j correct evol®
prck up lage ey ponalty fom Hy, . Hy

—> 9. Qner:)] zZ 33"

Exercise
Moke above agumen‘é' r(l‘jorouf-
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_-;E_f we could Find Hamiltonian terms
H1, - sy H-;— S’.'z';. 3MMJ S'Zfoi’e,g refresen’i

Col‘i‘ecjf €V01u“ffm O‘F C;/"Ctm"f, we ol ée a(dne.

E:Lercl\se

Use this approach o prove MP-hardnecs
of Local Homiltonian f)mb[ew, for- clagsical
Houmiltonions (aUaJonoL [N c:o.m’pu'totb'oma( basis).

Unpor‘bumqie}], such Hamiltonion Terwms
Cmrmoi e%?st in c’uamfum case .

P H
() U O ? 10—02
® @
%> A > *
= URT YD [Y>®@ ">

Clerivn

44 : ZH,Z s. 1. jMW\J stote subspace
Lo(H,01,) = spon ( I¥20 (Uoll) V33

Preot

W le Cawn take H=>=o , AM:,,\ CH)*': O
(substitute H = H+ A, (H)-I,

3{7 envectors w\cﬁ\wy ed).

— L, (H®1) = ker (HO L) . "



Conside 2 —qubit H s lbevrt Space H = 022@032
with teivial gate U=1L, ~so

span (14 2® (WO Y 2L = span{I431¥2) .

/

Let 12 = 7 (loo> + J11>). entangled ctatel
(ebit)

[¢>’¢> & he"(H@JD, So
0 = L1 <ol (M, ® 1) 183,193,

= b [H,® L5, - 12, 185, <®),,<B1,]
=t [ Ho BpXoDe t, (Ip3<a)]

:t‘[ Hu' 11_1®ﬂ2]
= 1t H.

Hzo , -t H=0 = H =0,
L, (H®1) = ker (O® 1) = ke~(O)
= H #F span { [USIVD] _

Exercise
SL\.OW Pf*ofos}tl'on [/\o(o()‘ V (/{ '




