
Quantum Mechanics Question sheet 7, 2010

1. Orbital angular momentum commutation relations
Show that [AB,C] = A[B,C] + [A,C]B for three operators A,B,C. Work out a similar expression for
[AB,CD]. Hence show that the orbital angular momentum operators L1, L2, L3, where L1 = X2P3 −
X3P2, L2 = X3P1−X1P3 and L3 = X1P2−X2P1, satisfy the angular momentum commutation relations

[Lj , Lk] = i~
3∑

m=1

εjkmLm.

(Xj and Pk satisfy the usual canonical commutation relations [Xj , Pk] = i~δjk.)

2. Raising and lowering operators
Consider three operators J1, J2, J3 satisfying the angular momentum commutation relations. With the
definitions J± = J1 ± iJ2 and J2 = J2

1 + J2
2 + J2

3 , show that

[J2, J±] = 0;

J+J− = J2 − J2
3 + ~J3;

J−J+ = J2 − J2
3 − ~J3;

[J+, J−] = 2~J3;
[J3, J±] = ±~J±.

3. Pauli matrices
The Pauli matrices are defined by

σx =

(
0 1
1 0

)
; σy =

(
0 −i
i 0

)
; σz =

(
1 0
0 −1

)
.

(a) Show that

σ2x = I; σ2y = I; σzσx = iσy; σzσy = −iσx;

where I is the identity matrix on C2

(b) Consider two 3-component vectors A and B with real entries. Let A.σ and B.σ be the matrices

A.σ = Axσx +Ayσy +Azσz; B.σ = Bxσx +Byσy +Bzσz.

Write down the matrices A.σ and B.σ explicitly, and hence, or otherwise show that

(A.σ) (B.σ) = (A.B) I + i(A×B).σ.

4. The spin one representation
For the j = 1 representation of the angular momentum commutation relations, write down the action
of the operators J± and J3 on basis vectors which are simultaneous eigenvectors of J2 and J3.
Calculate the action of J1 and J2 in this case and hence show that the operators J1, J2, J3 satisfy the
angular momentum commutation relations [Jj , Jk] = i~

∑3
m=1 εjkmJm.

Calculate the matrices of J1, J2, J3 with respect to the basis you have used above, and show that these
matrices also satisfy the angular momentum commutation relations.
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5. Matrix elements for angular momentum operators
Let J1, J2, J3 satisfy angular momentum commutation relations, and let |j,m〉 be the usual (normalised)
simultaneous eigenvectors of J2 and J3 with eigenvalues ~2j(j + 1) and m~ respectively.
By considering 〈j,m| J2

+ |j,m〉 or otherwise, show that

〈j,m| J2
1 |j,m〉 = 〈j,m| J2

2 |j,m〉 ,

and find the value of this matrix element.

6. A spin Hamiltonian
Consider the Hamiltonian

H =
1

2I
(J2

1 + J2
3 ) ,

where I is a constant.

(i) Show that

〈1,m|H|1,m〉 =
1

4I
(2 +m2)~2 ,

for m = −1, 0, 1.

(ii) Show also that for m 6= n, 〈1,m|H|1, n〉 = 0 unless (m,n) = (1,−1) or (m,n) = (−1, 1). Calculate
〈1, 1|H|1,−1〉.

(iii) Deduce the three eigenvalues of H and the corresponding eigenstates.
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